o4

Hence,

/abf(x) dx:/acf(a:) d:L‘—l—/cbf(fL‘) dx

6. Using (1.) and (2.) and the fact that f? € R([a,b]) whenever f € R([a,b]), the identity
4fg=(f +9)* = (f — 9)* implies fg € R([a, b]).

7. Fix an € > 0. Let P = {xy,...,x,} be a partition of [a, b] such that

n

U(f,P) = L(f,P) =Y (Mi(f) = mi(f))(w: = 1) < €.

i=1
Note that for any z,y € [z;_1, 2],
Lf @) = 1fWI < |f(z) = fy)l < Mi(f) = mq(f).

The right handside of the above equation does not depend on x and y. This implies
M;(|f]) = ma(|f]) < M;(f) — mi(f). Hence

U('f’,P) —L(’f|,P> <€
which shows that | f| € R([a,b]). Moreover, for any partition P,
U, P) SUSLP) = mfU(,P) SUSLP) = ifUf,P) < inf U(If], P).

Both f and |f| being Riemann integrable implies

b b
[ @) s =ingvr.) <ingU(£1.P) = [ 176

6.2 Improper Integrals

In this section, we consider functions defined on (half) open intervals. f is possibly unbounded
or discontinuous.

Definition 26. (Improper Integral on Finite Intervals) Let f be a function defined on (a, b]
(possibly unbounded) such that f € R([c,b]) for all ¢ € (a,b). The improper interal of f on
(a, b], denoted by fabf(m) dz, is defined to be

b
[0 tc- m [ s

provided the limit exists. If the limit exists then the imrpoper integral is said to be convergent.
Otherwise it is said to be divergent.
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A similar definition can be given for f defined on [a,b). If f is defined on [a,p) U (p, b],
then the improper integral of f on [a,b] is defined as

[ o= [ sy ars /pbf(w) .

provided each improper integrals on [a,p) and (p, b] exist.

Definition 27. Let f be a function defined on (a,b) (possibly unbounded) such that f €
R([e,b]) for all ¢,d € (a,b), ¢ < d. We say the improper integral of f on (a,b) converges if for
some ¢ € (a,b), the improper integrals fac f(z) dx and fcb converge. In that case, we define

/abf(x) iz = /acf(x) dm+/cbf(x) da.

It can be shown that if f; f(z) dx converge, then for any d € (a,b),

f@)de= [ fl@)de+ | flo)da.
[ terae= [Cswars [

Ezxample 16. Let f(x) = 1/z, x € (0,1]. f is continuous on [¢, 1] for all 0 < ¢ < 1. Hence
f € R([e,1]) and

1
1
/ — dr =1In(c) - —o0, as ¢ — 0.

X

Hence the improper integral of 1/z on (0, 1] diverges.
Note that if f(x) = ™", r < 1, then the improper integral of f on (0, 1] converges and is
equal to 1/(1 —r).

Definition 28. (Improper Integral on unbounded intervals) Let f be a function defined on
[a,00) (possibly unbounded) such that f € R([a,c]) for all ¢ € (a,00). The improper interal
of f on [a,0), denoted by faoo f(x) dz, is defined to be

/OO f(z) de = lim Cf(x) dx,

provided the limit exists. If the limit exists then the improper integral is said to be convergent.
Otherwise it is said to be divergent.

The same definition can be applied to (—oo, b].

Definition 29. Let f be a function defined on (—o0,00) (possibly unbounded). If the
improper integrals [€_ f(z) dz and [ f(z) dx exist for some ¢ € (—o0,00), then we say
the improper integral of f on (—o00, c0) converges and is defined as

| t@ae=[ @+ [ rwan

Otherwise, we say [ f(z) dx diverges.



Chapter 7

Differentiation

7.1 Derivative of functions defined on [a,b] C R

Let f be a function (real) defined on [a,b] C R. For any x € [a, b], consider the function ¢(t)
defined on (a,b) \ {z},

t) —
o) = IO e oy 4o

If lim,; ., ¢(t) exists, define

£/(@) = lim (1), (7.1)
Thus, if f'(x) is defined, then for each ¢ > 0, there exists § > 0 such that

t) —
lo(t) — f(x)] = w — f(z)| <€, whenever |t — x| <4, t # .

Remark 20.

1. We associate to each function f a function f’ whose domain is the set of points in [a, 0]
at which the limit (7.1) exists. If f’ is defined at z, then we say f is differentiable at
xz. If f"is defined for all x € A C [a, ], then we say f is differentiable on A.

2. It is possible to define the right-hand and left-hand derivatives of f at x. l.e. for all
x € (a,b), define the left-hand and right-hand derivatives as

f(x) = tl_l}rﬁ o(t), fi(x) = lim ¢(t).

t—axt

Then for all € (a,b), f'(x) is defined if and only if f'(z) = f(x) = f\(x). Note that
when z is either a or b, then f’(x) is a right-hand or left-hand derivative, repsectively.

3. If f is only defined on (a,b), then the definition of f'(x), = € (a,b), is as in (7.1). But
f'(a) and f’(b) are not defined in this case.

o6
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4. If f'(x) is defined at z, then there exists u(t) defined on (a,b) such that

ft)— f(z)=(t—2a)[f (z) +u(t)], and limu(t) = 0.

t—zx

On the other hand, if there exists u(t) defined on (a,b) such that

limu(t) =0, and f(t) — f(x) = (t — z)[a + u(t)],

t—x

for some a € R, then f'(z) exists and f'(z) = a.

Lemma 1. Suppose f is defined on [a,b] and f is differentiable at x. Then f is continuous
at x.

Proof. We have
f(t) - f(=)

P (t—z)— fl(£)-0=0, as t — x.

ft) = flx) =
Hence f is continuous at x. O]

Proposition 27. Suppose f and g are functions defined on [a,b] € R and that both are
differentiable at x € [a,b]. Let ¢ € C. Then the following functions are differentiable at x.

(cf)(z) = cf(2) (7.2)
(f+9)(x) = fl(x)+4(2) :
(f-9) (@) = f@)d(z)+ f(x)g(z) (7.4)
If g(x) # 0, then , (
1y _g’ x
(5) g (75)

P?“O}fl)fh(SketCh)- Write g(t) —g(x) = (t=2)(g'(x) +u(t) and f(s) = f(y) = (s=y)[['(y) +o(s)],
such that
limu(t) =0 and limv(s) = 0.

t—zx s—Y

L (cf(s) = cf(y) = c(f(s) = f(y)) = c((s = y)lf'(y) + v(s)]) = (s —y) [ef'(y) — cv(s)].

Since cv(s) — 0 as s — y, we have
(cf(y)" = cf'(y)
2. Similarly,

(f+9) ()= (f+9)(@) = (f ()= f(2)+(g(t) —g(x)) = (t—=z) [f'(x) + ¢'(x) + v(t) + u(D)]
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3.
((F9)(8) ~ (F9)(@) = (9 ~ F(Dg(x) + F(D)g(a) — F@)ol)
= F(0)(9(0)  9(a)) + g(2)(F() ~ (@)
= (1= 2) [0 () + ) + 9(2) () + o(0)]
Hence
VOO ZUDD _ (1)) + g(a) @) + (F0)ut) + g(x)o()
— J2)g @)+ gla) ),
ast — .
4.
SO () NS U
e RV O RTTO R
1 /
— s =)0 @)+ ult)

Theorem 26. (Chain Rule) Suppose g, a real-value function, and f(g) are defined on [a,b].
(note that f is defined on the range of g). if ¢'(x) and f'(g(x)) are defined at x € [a,b], then
(f(9)) () is defined at x with

In other words, f(g) is differentiable at x.

Proof. Let y = g(x). Write g(t) —g(x) = (t —2)(¢'(x) +u(t) and f(s) = f(y) = (s =y)[/"(y) +
v(s)], such that
limu(t) = 0 and limwv(s) = 0.

t—ax s—Y

Then

Note that since g is continuous at x, we have lim,;_., g(t) = g(x) = y, and hence

limu(g(t)) = lim w(s)=0.
t—x s=g(t)—y
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This implies

tim M 7A@ 1 @) ) (P () + o))

i t—x t—a
= [t/ @) + (o)) [1m /) + 0(9))]
= J(=)- ['(y) = fg(x)g'(x).
Therefore, h'(x) = (f(9))'(x) = f'(9(x))g'(x).
Example 17. Let f be defined on R as

o= {5 0

Assume that sin(z) = cos(z). Then for z # 0, f'(z) = sin (%) — < cos (2). Now for z = 0,
we have
0= L0102

which does not exists as t — 0. Hence f’(0) is not defined. However, if a > 1 and we define
f(z) as
| a%sin (%) if ©x #£0;
Jw) = { 0 if 2 = 0.
Then f(0) = 0, and f'(z) = az* 'sin (%) — 2 2cos (1), for all  # 0. Note that for
€ (1,2], f’ is not continuous at 0.

7.2 Mean Value Theorems

Definition 30. Let f be a real-value function defined on D C R. We say f has a local
maximum at a point ¢ € D if there exists § > 0 such that f(c) > f(t) for all t € Ns(c) N D.
The local minimum is defined in the same way but with <.

Theorem 27. (Rolle’s Theorem) Suppose [ is defined on [a,b] C R. If f has a local mazimum
at ¢ € (a,b) and f'(c) exists, then f'(c) = 0. The same result also holds for a local minimum.

Proof. Let 6 > 0 such that a < ¢ —d <c+ 6 <band f(c) > f(t) for all t € Ns(c).
if t € (¢c—96,c¢), then f(t) < f(c) implies

s,
t—c -
Letting t — ¢, we get f'(c) > 0. On the other hand if ¢ € (¢, ¢+ J) then f(t) < f(c) implies
- 1) _,
t—c -

Letting t — ¢, we get f’(¢) > 0. Thus, f'(c) = 0. O
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Theorem 28. (Generalized Mean Value Theorem) If f and g are continuous real-valued
functions defined on [a,b] C R, and differentiable on (a,b). Then there ezists ¢ € (a,b) such
that

[f(b) = fla)]g'(c) = [9(b) — g(a)lf"(c). (7.6)
Note that differentiability is not required at the endpoints.

Remark 21. If g(b) — g(a) # 0, then we have
my _ f'(c)
my  g'(c)

Here m, = (f(b) — f(a))/(b—a) and m; = (f(b) — f(a))/(b —a). Let g(x) = x, then the
above theorem implies there exists a ¢ € (a, b) such that

f(0) — f(a)
b—a

, for some ¢ € (a,b).

= f'(c).

Corollary 4. (Mean Value Theorem) Suppose f is continuous on [a,b] and differentiable on
(a,b). Then there ezists ¢ € (a,b) such that

f(0) = fla) = (b= a) f'(c).
Proof. (Proof of the Generalized Mean Value Theorem). Let
h(t) = [£(b) = fa)lg(t) = [9(b) — g(a)]f(?).

Then h(t) is continuous on [a,b] and differentiable on (a,b). Moreover, h(a) = f(b)g(a) —
9(b)(a) = h(b)

Let x,y € [a,b] such that h(x) = inficip f(t) and h(y) = supepy h(t) (since h is
continuous on [a,b]). If h(z) = h(y), then h = const. Pick any ¢ € (a,b), h'(c) = 0.
Otherwise, h(z) < h(y). Since h(a) = h(b), then either x € (a,b) or y € (a,b). Let ¢ be
either = or y such that ¢ € (a,b). We have h'(¢) = 0 by Rolle’s Theorem.

Thus, in all cases, there exists ¢ € (a,b) such that 2'(c) = 0, and hence

0="n'(c) = [f(b) — f(a)lg'(c) — [9(b) — g(a)]f'(c).

Definition 31. A function f defined on (a,b) is said to be
1. monotone increasing if for all a < x; < xy < b, f(z1) < f(x9).
2. strictly increasing if for all @ < z1 < zo < b, f(z1) < f(x2).
3. monotone decreasing if for all a < 21 < xo < b, f(z1) > f(x2).

4. strictly decreasing if for all a < 7 < x5 < b, f(x1) > f(x2).
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Theorem 29. Suppose f is differentiable on (a,b).
i. If f'(x) >0 for all x € (a,b), then f is monotone increasing.
ii. If f'(x) > 0 for all x € (a,b), then f is strictly increasing.
iii. If f'(x) =0 for all x € (a,b), then f is a constant.
w. if f'(x) <0 for all x € (a,b), then f is monotone decreasing.
v. if f'(x) <0 for all x € (a,b), then f is strictly decreasing.
Proof. For any a < x7 < xs < b, by the previous corollary, there exists ¢ € (z1, x5) such that
fa2) = f@1) = (z2 — 1) f'(c).
Hence, if f'(x) > 0, for all z € (a,b), then
flxe) — f(x1) > 0,Va < xy < 29 < b,

which shows that f monotone increasing. Use the same idea to obtain (i) — (v). O

7.3 L’Hospital’s Rule
L’Hospital’s Rule is useful when it comes to evaluating

lim 1)

t=a g(t)’
when lim;_, f(t) = 0 = limy_, g(¢) or lim,_, f(t) = £oo = lim;_, g(?).

Theorem 30. Suppose f and g are real and differentiable in (a,b), and ¢'(x) # 0 for all
x € (a,b), where —o0o < a < b < co. Moreover, suppose

@
i_}a 70 A € [—00,00]. (7.7)
If
lim /(z) = 0 = lim g(z), (73)
ilg}lg(x) =00 as T — a, (7.9)
then 1)
lim 2 = A, 7.10
M gta) )

The analogous statement is also true if x — b, or if g(x) — —o0.
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Proof. Suppose —oo < A < oo. Choose any ¢ € R such that A < q. Let r = (¢— A)/2. (7.7)
implies there exists § > 0 such that for all z € (a,a + §)

F@) ) _
7(0) Al<(r—A) = o) < (7.11)

Now if z and y are chosen such that a < z <y < a+ 4, then by the Generalized Mean Value
Theorem, there exists ¢ € (z,y) C (a,d) such that

f0) -~ f@) _F©)
i) —g@) g0 " (7-12)

Suppose (7.8) holds, then letting x — a, we see from the above equation that

)

<r<g, forally € (a,a+9). 7.13
0) ( ) (7.13)

Next, suppose (7.9) holds, then keeping y fixed in (7.13). we see that there exists a < d; <y
such that for all a < x < dy, g(x) > g(y) and g(z) > 0. Using (7.12), we have

)

flx)=fly)  [9(x)—gly)]| flz) = fly)  [g9(z)—g(y) .
_[ (z) }g(fﬂ) g(y)<[ } '

)

)

9(2) g 9(2)
fl@)  [9(@)—g(y) (v 9w f)
:jgm<[ o(2) }”'< T @) T gty

Since g(x) — oo as x — a, the righthand side of the above equation approaches to r as
x — a. This implies that there exists a < dy < d; such that for all a < x < d>,

f(x)
o) <r+(¢g—r)/2<q.
Thus, if either (7.8) or (7.9) holds, then
@) e
o(2) < q, Vx € (a,ds). (7.14)

Using the same techniques, if —oo < A < oo, and p € R is chosen such that p < A, then
there exists d; > a such that
f(z)

——~ >p, V€ (a,ds3). 7.15
Combining (7.14) and (7.15), we have
lim @ = A.
g(x)



