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4.4 Row equivalence, column equivalence and diagonal

form

Given T : U — V. Let A and B be basis for U and V respectively. The matrix M5T is

determined by the choice of A and B. We are interested in:
1. Fix B, simplifying M5T by varying A.
2. Fix A, simplifying M5T by varying B.

3. simplifying M5T by varying both A and B

Consider the third case: Let A = {uy,...,u,} be a basis for U such that {ugy1,...,u,} is

a basis for Ker(T) for some k < n. Define

V; = T(Uj), j = 1, ,]{?

Then {vy, ..., vy} is a basis for Im(T") which is a subspace of V.. If Im(T") = V', then {vy, ...

is a basis for V. In general, let

B = {01, ..., U, Vg1, oy Um }

be a basis for V. For each 7 =1,...,n, if 7 <k,

T(uj) = avr + ... + a;;0; + ... + @V = 0v1 + ... + 1u; + ... + 0vy,, = v;, with ¢ = j.

Otherwise

T(uj) = Cllj’l}l + + aijvi + + amjvm = 01)1 —I— + OUZ‘ + + O’Um = O

I, O
B 1k
MET — ( 4 0)
where [} is a k X k identity matrix.
In the first case, suppose B is fixed and we want to change from A to A’. Recall:

Hence

B B A
MA/T — M.AT M M_A’[U
Clearly, if A = A’, then M4 I;; = I,, is an n X n identity matrix. Suppose
A = {Ul,UQ, ,un}

is a basis for U. Let Let
MET = (8 ¢ .. ")

written as column vectors.

7Uk}
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1. Interchange vectors: Suppose
A" = {uy, ub, o b = {ug, ugy . up b

Then Iy (u)) = uy = ajgus, Iy(uh) = up = asu; and IU(u;-) = u; = ajju; for all j > 3.
This implies

010 ..0
1 00 0

MiIy=10 0 1 0 (4.2)
000 .1

In other words, M+ Iy is changed by switching the column vectors. Then
MET = MET - M4 Iy = (£t ... ")
2. scalar multiplication: Suppose

A = {uy,ub, ul b = {ug, cug, .oy up }

Then
1 00 ..0
0 ¢c0 .. 0
MyIp=10 01 .. 0 (4.3)
000 1
Then

MET = MET - M4 Iy = (1 o> .. ")
3. Adding multiple of one basis element to the other: Suppose
A = {uy,uby,ul b = {ug, ug + cuy, o un

Then Iy (u)) = ug + cuy = ageus + ajpuy. Therefore,

1 ¢ 0 0
010 0

MiIy=10 0 1 0 (4.4)
000 1

Then
MET = MET - M4 Iy = (88 2+t .. 1)
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Suppose next that A is fixed and we want to change B to B’. Recall,
ME = ME'Iy - MAT.

Let
t

MET =
tm
be written as row vectors. Let B = {vy,...,v,,} be a basis for V. Following the same ideas,
we obtain:

1. Interchange vectors: Suppose

B = {vj,vy,....;v } = {ve,v1, ... vm}

Then
010 ..0
1 00 ..0
MEL, =0 01 .. 0 (4.5)
000 1
to
MET = METy - MET = |
Im

2. scalar multiplication: Suppose

B = {vj,vy,....;v. } = {vy, cva, ..., vm }

Then
1 0 .. 0
0 ¢ 0 ..0
MEL, =10 0 1 0 (4.6)
000 ..1
t1

/ 7 ct
ME = ME'Iy - MET = | 7

b
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3. Adding multiple of one basis element to the other: Suppose
B = {v}, vy, ..., v} = {ve,v9 + cv1, ..., U }.

Then

o =
i)
o O
o O

/

=}
—_
=}
—~
=
~J
~—

ME = ME I, - MET =

Matrices of type (4.2 - 4.7) are called elementary matrices.

Let A = (aij)mxn- We say A is upper triangular if a;; = 0 whenever i > j. We say A
is lower triangular if a;; = 0 whenever ¢ < j. We say A is diagonal if A is both lower and
upper triangular, i.e. a;; = 0if ¢ # j.

We say A is upper echelon if A is upper triangular and if whenever a;; # 0, a; = 1 and
a;; = 0 for all © < j. We say A is lower echelon if A is lower triangular and if whenever
a; #0, a;; =1 and a;; = 0 for all 7 > j.

Theorem 17. Let U and V' be finite dimensional vector spaces and T : U — V.

1. Fiz a basis B for V. Then there exists a basis A for U such that M5T is lower
triangular.

2. Fiz a basis A for U. Then there exists a basis B' for V' such that Mﬁ'T s upper
triangular.

3. There exist basis A" and B' for U and V respectively such that

, Dy 0
B k
M,T_(O 0),

where Dy is a k X k diagonal matriz.

Proof. Let A = {uy,...,u,} and B = {vq,...,v,} be basis for U and V respectively. Fix B
and let
MET = (ti))mxn = (t* 2 .. ")

1. We will induct on n: Suppose n = 1, then MET = (t!),,x; is a column vector, which is
clearly lower triangular. In general,
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o If t1; = 0 for all j > 2, then the (m — 1) x (n — 1) matrix

A t22 t23 e t2n
MAT =
th tm3 tmn (m—1)x(n—1)

where A; = {usg,...,u,} and By = {vg,...,v,,}. By induction, there exists A =
{uly,...,ul,} (a basis for the subspace span({us,...,u,})) such that MB/ is lower tri-

u,, } be a basis for U. Then

t11 0

which is clearly lower triangular. Here ¢ = (ta1, ..., t;m1)"

angular. Let A" = {uy,u), ..

° 7’1

e Otherwise there exists j € {1,...,n} such that ¢;; # 0. By interchanging the column
vectors ¢! and ¢/ (i.e. updating A by interchanging u; and u;j) we may assume ty; # 0.
Next, we’ll make ¢;; = 0 for any j = 2,..,n as follow: Replacing the column vector ¢/
with #/ — 2Jt1 (i.e. updating A by replacmg u; with u; — tzjul) With this new basis
A, t1; = 0. We can do this for all 7, and continuously updatlng A. As aresult, 11, =0
for all j > 2. Now we are back to the previous case, and by induction, there exists A’
such that M f\,T is lower triangular.

Using row vectors instead of column vectors, we obtain that there exists a basis B’ for
V such that M fl/T is upper triangular.

Apply both methods (1) and (2), one obtains (3).

Lemma 3. Let U and V' be finite dimensional vector spaces and T : U — V.

1.
2.
3.

Fix a basis B for V. Then there exists a basis A" for U such that vaT is lower echelon.
Fiz a basis A for U. Then there exists a basis B’ for V' such that Mfl/T 1s upper echelon.
There exist basis A" and B' for U and V respectively such that
/ I O
B _ 1k
= (),

where Iy, is a k X k identity matriz.

Lemma 4. Let A € M,,«n,.

1.

There exist elementary matrices Py, ..., Py of types (4.2 - 4.4) such that
A-P .- P,

1s lower echelon.
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2. There exist elementary matrices Qq, ..., Q; of types (4.5 - 4.7) such that
Qr-...- Q- A
18 upper echelon.

3. There exist elementary matrices Py, ..., Py of types (4.2 - 4.4) and elementary matrices
Q1, ..., Q1 of types (4.5 - 4.7) such that

I, 0
Ql-...-Ql~A-P1-...-Pk:(6’ 0)7

where I, is a p X p identity matriz.

4.5 Rank of a matrix and systems of linear equations

For each A € M,,xn, let a; € F™, i = 1,....m, be the row vectors of A and o/ € F™,
j =1,...,n, be the column vectors of A. We have

R = span({ai, ...,an,}) C F", and C = span({a',...,a"}) C F™.
dim(R) is called the row rank of A and dim(C') is called the column rank of A.
Proposition 20. Let A € M,,xy, then dim(R) = dim(C).

Proof. Let {a},...,a},} be the maximal linearly independent subset of {ay, ..., a;,} (row vec-
tors). we have, M < m and

R = span({a},...,a)}) = span({a1, ..., am}).

Foreachi=1,...,m,
M

! ! !
G; = PinGy + ... + pimQyy = E DikCy,-
k=1

This shows that, for each j =1,...,n,
where P = (pix)mxar- This implies

Thus C = span({a, ...,a"}) = span({p*, ...,p™}) which shows that

dim(C) < M = dim(R).
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Next, let {a',...,a™’} be the maximal linearly independent subset of {a',...,a"} (column
vectors). Following the same techniques, we see that

M = dim(R) < N = dim(C).
Combining the two inequalities, we have dim(C) = dim(R). O
Denote by rank(A) the row (or column) rank of A.
Theorem 18. Let T be a linear map from U to V with bases A and B respectively. Then
rank(MET) = dim(Im(T)).
Proof. Let A = {uy,...,u,} and B = {v1,...,v,}. Then MET = (a;;)mxn, where for each
j=1,...n,

n

T(UJ) = Z Q55

=1

and T'(u;)® = @’/ (column vector). Thus,

dim(Im(T)) = dim(span({T(u1)?, ..., T(u,)?})) = dim(span({da', ..., a"}).

Proposition 21. An n x n matriz has rank n if and only if it has an inverse.

Proof. Let T : F™ — F™ be the linear map associated to A. Le. T'(z) = Az, for all x € F".
Let B = {ey, ..., e,} be the canonical basis for . Then

A= MET.

Suppose rank(A) = n. dim(Im(T)) = n, which shows that 7" is an isomorphism, and
hence T has an inverse 71, But

MET™' = (MET)™".
Define A~! = (MET)!, then
AA™ = (MET) - (MET)™ = METT ' =1

Similarly, A=A = I. Therefore A has an inverse.
Suppose A has an inverse. Define S(z) = A™!(z), then

I =AA" = MET - MES = METS.
Similarly, I = M§ST. This shows that T is an isomorphism. Hence
rank(A) = dim(Im(T)) = n.



20

Solutions of linear sytems of equations: We are interested in fnding a solution of
the linear system of m equations and n unknowns:

a1 T1+... + a1nTn = Y1
(4.8)

Am1T1t... + CmnTn = Ym

In matrix form, we have Az = y, where

@11 ... QA1p T U1

A1 - Qmn Tn Ym
Let a/ be the j** column vector of A, then we can write Az = y as
rat + ..+ zjaj + ...+ zxa" =y.

y € span({a',...,a’,...,a"}) if and only if there exists a solution z = (xy, ..., x,)" such that
Axr =y.

Let {a’*,...,a’*} be the maximal linearly independent subset of {a',...,a"}. WLOG,
WMA {a%,...,a"} = {a', ...,a*}, k < n. Then

span({a',....d,...,a"}) = span({a', ...,a"}).

This implies a; € span({a',...,a*}) for all j = k+1,...,n. Note that rank(A) = k. Next if
y € span({x1, ..., xx}, then for any xpyq, ..., T,

Y — zpa” — L — 20" € span({a', ..., d"}).

This implies there exist unique x1, ...,y € F such that

k+1

zat + ..+ zpa” =y —Tpa " — .. —xa”.

Therefore, x = (21, ..., T, Thy1, .., Tn)" 18 a solution for Ar = y. Note that if & = n, i.e.
rank(A) = n, then the solution x is unique. Otherwise (k < n) ker(A) contains more than
the 0 element. Let 2’ € ker(A) s.t. 2’ # 0. Then

Alx —2')=Az — A/ =y — 0=y,
which shows that 2 — 2’ is also a solution. Hence, we have no uniqueness.

Theorem 19. Let A be the matriz coresponding to (4.8) such that rank(A) = k. Given any
y € F™. The equation Ax = y has a solution v = (x1,..., Tk, Try1, .-, Tn) if y belongs to
the r-dimensional subspace generated by column vectors of A. If k = n the the solution x is
unique. Otherwise, the components Tyy1,...,x, can be chosen arbitrarily.
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4.6 Computation of matrix inverses

Remark 15. Let A € M, «,, and P = P, -...- P, be the product of n x n elementary matrices
such that A - P is lower echelon. Then rank(A) = rank(AP). If rank(AP) = r < n, then
AP has exactly r linearly independent column vectors, denoted by {#/!,...,#"}, such that
ge = 1.

Theorem 20. Suppose A € M,y is invertible (i.e. A~' exists). Let P = Py - ... - Py be the
product of elementary matrices such that A - P is lower echelon. Then A™' = P.



