Additive & multiplicative piecewise-smooth segmentation
models in a functional minimization approach

Triet M. Le and Luminita A. Vese

Abstract. We propose several models to segment images corrupted by add i-
tive or multiplicative noise, and by a smooth eld (as global intensity inho-
mogeneity) in a variational curve evolution approach. The p roposed energies
can be seen as particular K functionals or J functionals that arise in the
theory of interpolation between spaces. In the additive cas e, we decompose a
data function ug into the sum v + w + noise. Here, v is a piecewise-constant
component, capturing edges and discontinuities, while w is a smooth compo-
nent, capturing global intensity inhomogeneities. We also  propose a piecewise-
constant segmentation model of data corrupted by multiplic  ative noise. The
delity term is chosen appropriately for such degradation m odel. Then, we
extend this model to piecewise-smooth segmentation, decom posing the data
up into the product v w noise, where again v is piecewise-constant, while w
is smooth. Theoretical and experimental results are presen ted.

1. Introduction

We introduce and analyze several models for image segmentah, decomposi-
tion and denoising. Implicit representation [9], [10], [14] is used to represent edges
in a variational approach, as in [22], [5], [6], [20]. The proposed methods continue
the existing curve evolution techniques based on implicit epresentation and on
region based segmentation model13], such as ], [6], [20], [19], [18].

We decompose a given imagey into the sum v+ w+ noise, wherev is piecewise-
constant, modeling sharp edges, whilew is smooth, capturing global intensity
inhomogeneities, smooth variations, variable lightning. A related prior work in
a variational approach, while proposed for image restorattn and not for image
segmentation, is B], where, given an image dataup 2 L?(), two components
% and,.y\hare extracl&ed from up, R';uch that up = vgr w + noise, by minimizing

infyw jir vj+ jD2wj + jup v wj?dx . Thus v will be closed to a
piecewise-constant image, andv close to a smooth image. In the present work,
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we will explicitly impose that v is piecewise-constant, thus edges will be extracted
from ug. The degradation model will be ug = v + w + noise, with Gaussian ad-
ditive noise of zero mean, and with the above properties orv and w respectively,
piecewise-constant and smooth.

We also consider the multiplicative case in a curve evolutio segmentation
approach. Here, we use a delity term inspired by the image restoration model [16],
[17]. In [16], [17], @ model for image resEration in the prﬁ\senceoof multipliative
noise was proposed, by minimizing inf j“u—0 1j2dx+  jr uj . Again, in the
present work, u will be represented byu = vw, with v piecewise-constantandv 1
or w is smooth. Thus, we assume that the dataug follows a degradation model with
multiplicative noise (of the form noise = 1+\noise", where \noise" is Gaussian noise
of zero mean), given byug = v w noise. In medical imaging, the factorw is called a
bias eld or intensity inhomogeneity. A related work to our m ultiplicative piecewise-
smooth model with segmentation has been proposed irLR], where the bias eld is
also smooth, multiplicative and represented byw, u is piecewise-constant as ing],
[6], but the noise is additive, and not multiplicative: up = v w + noise. Thus our
proposed purely multiplicative model up = v w noise will have a di erent delity
term, inspired from [16], [17], and it applies to a di erent statistical model. Other
related models that deal with intensity inhomogeneities ard bias elds, by di erent
approaches, are21] and [1].

We would like to mention that many techniques in image analyss (like the
functional minimizations introduced here) can be seen as pdicular cases ofK
functionals orJ functionals arising in the theory of interpolation between spaces
[3], [2]- In general, two function Banach spacesX; and X, are considered, with
X1 Xo, or X1 smoother than X,, and to ug 2 X1 + X, and > 0 is associated
aJ functional
J(ug; )= u0=u1+u2i;mzx1;u22x2 kugkx, + kuakh = ulrzn;(1 kukx, + kuo uk§ ;
wherep 1is aconstant. In image analysis, canonical examples df functionals
include the image segmentatign model13] (given here in a weak formulation [7]),

J(ug; )= inf jir ujdx+ HY(Sy)+ kuo ukZs ;
(Uo; ) LA nSuJ j (Su) 0 L2()
whereup 2 L1 ()  L3%()= Xo, R? is open, bounded, connected, and with
C! boundary, H* is the 1-dimensional Hausdor measure, andS, is the jump-set of
u2 SBV()= Xj, the space of special functions of bounded variation. A secal
canonical example is given by the]  functional [15],
;)= inf  juj + k K2,y © X1=BV() ; X2=L3() :
J(uo; ) oy Muev Uo Uk{z2(y ; X1 () 5 X2 0
In [20], general piecewise-constant (PC) and piecewise-smootiP§) segmen-
tation models have been introduced, which can represenh phases in an image
using m = log ,(n) level set functions, in the framework of the segmentation nodel
[13]. In the piecewise-constant case, the model from2D] is as follows. Let

up 2 LT () L?() be a given noisy image, R?, and u be the desired
piecewise—co&stant image that we would like to recover andegment, given that
Uo u+ |, dx = 0. Denote ™= ( 1;:; m) the vector of implicit func-

tions ; : I' R,and H(7 = ( H( 1);:5H( m)) the vector of Heaviside
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functions. Two pixels (X1;X2);(y1;y¥2) 2 belong to the same phase, if and
only if H(T x1;x%2)) = H(T y1;¥2)), and there are up to n = 2™ phases. Let
P=fPh: 1 i ng be the set of disjoint phases or subsets of the partition,
and €= (c;:::; ¢,) be an unknown constant vector. Then the energy minimization
problem for (PC) segmentation in the case of additive noise &n be written as [20]:
z X z

inf FPC (€:7 = eV i juo GJ? e dx:

& 1§ m 1§ n=2m
For instance, in the above functional, forn = 2 we have p, = H( 1), p, =
H( 1), for n = 4 we have P, = H( 1)H( 2)P p, = H( 1)H( 2), P; =
H( 9H(2), p, =H( 2H( 2) etc,with ,, , p 1. In the general
case, we have p, = 1 j mH(+ or i1 i n=2", andthere aren=2"
di erent possibilities to dene  p, .

The proposed methods below could also be written in the genaf form of a
J functional with ;=

The outline of the paper is as follows. In Section 2 we introdee our proposed
models in the additive piecewise-smooth case, and we showistence of minimizers
using the standard method of calculus of variations for two m@rticular cases. In
Section 3 we extend the model from %], [6] to segmentation of piecewise-constant
images corrupted by multiplicative noise. In Section 4 we pesent our multiplicative
piecewise-smooth model and give a result for existence of mimizers. The corre-
sponding Euler-Lagrange equations associated with each mimization, together
with several experimental results using the proposed 2-phse methods are also pre-
sented in each section.

2. Piecewise-smooth model with additive noise (APS)

For our rst model, we will consider the unknown u = v + w, where v is
piecewise-constant andw is a smooth function on modeling intensity inhomo-
geneities. We propose the following energy minimization mdel, giving the data ug
and the degradation modelug = v + w + noise: minimize

Z X Z
FaPs (e~ w) = i drHCDI+ i Juo G wj® pdx
1) m 1 rZ:Zm 7
(2.1) + 1 jrwpPdx+ ,» jD2wjPdx;

where p 2 f 1;2g, D?w = is the Hessian ofw, and jD?wj =

WX2X1 X2X2
P WZ ., +2W2 ,, + WZ,,,.. This new model for image denoising, segmentation and
decomposition is di erent from the piecewise-smooth segmaation model from [20].

Remark 2.1. We recall that in two dimensions, if is an open, bounded
subset of R2, with a C! boundary, and if w 2 H2() = WZ22(), then based on
the General Sobolev Inequality 1], we have thatw 2 C% (), with0 < < 1,
and kwk. O Ckwky2:2(y (the constant C depending only on ). Thus w
is a continuous function in ', w 2 L* (), and kwk . y  Ckwkyzz() . This
corresponds to the cas@ = 2 in (2.1).
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2.1. Existence of minimizers for the APS model when p=2. Keeping
S w xed, and minimizing (2 :1) with respect to ¢;, we obtain whenP; 6 ;:

R
(LB w) p, dX
dx

Pi

22)  a( piw)=

s with g = p (H( 1);:5H( m)):

Therefore, using g, := H( j),1 | m,(2.1) can be written as
P R . ,
b RFnAF’S( Bl En W) S g P gl

, . L R . .
+ oy i QU c( psw) w2 pdx+ 1 jr wifdx+ o jD2wj2dx:

Our problem becomes the minimization problem

(2.3) 0 o

inf - FAPS(Esnn EnW) i g 2010 g 2BV() ; w2 H?()

Theorem 2.2. Assume that is an open and bounded subset of R with a C?

boundary @ . Let up 2 L?() , ;> 0,j=1;u5m, > 0,i=1;:;n=2™ and

1, 2> 0. Then there are functions g, 2 BV () , with g, (x) 2f0;1g dx-a.e in
,andw 2 H?() as solutions of problem 2.3.

Proof.  Let( e, ;5 Eu s Wk) be a minimizing sequegce of (B), satisfying
kwickp 2y K wg + ckiz(y , for all ¢ 2 R, thus wy, = widx = 0: Denote
Cik = G( Py W), i =1;::n. We have

z
(24) Jr Ejx J = J Ejx jBV O C, 1 J m;
z
(2.5) juo Gk WjZ pdx C 1 i o
z z
(2.6) jr wgj2dx  C; jiD?wj?dx C:

By Poincake's inequality, we have for all k,
(2.7) kakLZ() = ka Wk: k|_2() Cokr WkkLz() C:

Therefore, (2.6) and (2.7) imply that kwyKy2() C, for all k. Based on Re-
mark 2.1, we deduce thatwy is also uniformly bounded in L1 (). Notice that
k g, kuyy ] | forall jjk. By passing to subsequences if necessary, there exist
functions g, 2 BV(), j =1;:;m, andw 2 H2() such that Ey converges
to g, weak*in BV () (and strongly in L1() and a.e.), and wjy converges tow
weakly in H2(). We have

Z

rogl lminf o jrog, i1 jom
Z ' Z Z Z
jr wj?dx Iiminf it wij2dx;  jD2wj?dx Iiminf jD 2w jdx:

Note that jGi( p, ;Wk)] I Uo WikiiLz2() C. From Rellich-Kondrachov's The-
orem, we have, up to a subsequencay, ! w strongly in L?() and dx a.e. in
. Itis easy to verify that cix ! gG ask!1 . From the Lebesgye Dominated
Convergence Theorem, we obtain  jup ¢ Wj2 p,dx =lim y;1 juo Gk



ADDITIVE AND MULTIPLICATIVE SEGMENTATION MODELS 5

Wkj? p, dx; fori =1;::;n, whereg is computed using (22) and wi are uniformly
bounded inL?! (). Therefore,

APS . S APS . .
Fn ( Ei1+ivs Enm ,W) |Im|nf Fn ( Eix v Emx ,Wk),
and ( g, E, ;W) is a minimizer. Moreover, each g, 2 BV () is a character-
istic function of some setE; with nE,e perimeter, since Epe | E; dx-a.e.

in and g, 2fO0;1g. Also, we have i”:l p. =1 dx-a.e.

Remark 2.3, We may not have uniqueness for this minimization problem.
Suppose €;; ::i; ¢y ; W) is a minimizer, then for any constantc, (c; C;::; G C;w+C)
is another minimizer, since the energy is the same for alt.

2.2. Existence of minimizers for the APS model when p=1.

Definition  2.4. [8] Let u2 W1(). We say that u is a function of bounded
Hessian in if u2 W%() and D?u = (Dy,x,U; Dx,x,U; Dx,x,U; Dx,x,U) is rep-
resentable by a nite Radon measure in , i.e.

@n

u@x@x

dx='dD 4 u;8 2CI () ; andjD?uj() < 1 ; where

@'1+2 @ - +@'3
@% ~@x@x @3
The vector space of all functions of bounded Hessian in is deoted by BH ().

Equipped with the norm kukgy (y = kukwz1(y + jD?uj() ; BH () becomes a
Banach space.

jD?uj()=sup f u dx:~2 Cl () 3kj~ks g

Remark 2.5. (Lower semicontinuity) For any choice of =2 C} () 3, the func-
tional 7 & & &
L(u) = u Lio 2 4 3
) @  ‘@x@r @3

is continuous in the W%1()-topology. Therefore jD?uj() is lower semicontinuous
with respect to the W11()-topology.

dx

Remark 2.6. We recall the following result from [8]: if is an open and
bounded subset ofR?, with a C2 uniform boundary, then there is a linear contin-
uous injection from BH () into  C().

Recall the minimization problem whenp =1,
(2.8) n o
inf GS(eniin B W) g 210100 g 2BV() ;W2BH()
R

P R . _
Fgﬁps( EGTH B WS 1w I g
1in i JU c( pw) w2 pdx+ 1 jrwjdx+ , jD2wj;
and ¢ are given as before by (2.2). Recall that jD?wj = jD?wj().
Theorem 2.7. Assume that R? is open and bounded, with &2 uniform
boundary. Letup 2 L?() , ;> 0,j =1;u5m, > 0,i=1;2;n=2" and
1, 2> 0. Then there are functions g, 2 BV () , with g, (x) 2f0;1g dx-a.e in
,and w2 BH () as solutions of problem 2.8.
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Proof. The proof is almost similar with the case p = 2. By Poincae-
Wirtinger's inequality, we will deduce that wy will be uniformly bounded in L?()
and thus in L*(). Thus wyg will be now uniformly bounded in BH (), and a
subsequencewy will converge to w 2 BH () weak* in BH () and strongly in
WLL(). This sequence will also be uniformly bounded in L* () and in C(),
based on Remark 2.6. The other steps are similar and we omit #m.

The di erence between the casep = 1 and p = 2 will be in the fact that for
p = 1, w can have discontinuities in the derivatives, because in thd caser w 2
BV () 2 only.

2.3. A two-phase APS model. The minimization for two-phases with p = 2
is
z z
inf  F2PS (e w) = rHO)j+ 1 juo c  wj?H( )dx
ez z z
(29) + 5 juo & WjPH( )dx+ 1 jr wj’dx+ , jD?wj%dx:

Keeping andw xed, and,minimizing F2\*S with respgct to the constantsc; and

c,, we obtain ci(;w) = — HW()';d(X)dX; o(iw) = —¢ H"‘E)H()dx)dx: Formally

minimizing F2APS with respect to w, and keepingc;, ¢;, and  xed, we obtain the
Euler-Lagrange equation forw, parameterized in the gradient descent direction by
an articial time t 0, with w(0; x) = wp(X),

@w_

@t
and with zero boundary conditions for 1st, 2nd and 3rd order grtial derivatives of
w on @. To obtain the Euler-Lagrange equation for , we will replaceH in (2.9)
with a more regular H [5], suchthatH ! H as ! 0. Therefore, using = H,
keepingc;, ¢;, and w xed, formally minimizing with respect to  the regularized
energy, we obtain the Euler-Lagrange equation for (t;x), also parameterized in
the gradient descent direction by an arti cial time t 0, with  (0;x) = o(x),

Q.
@t

(Uo & WH( )+ 2up C WH( )+ 14w  »4°3w;

() div Jrr—] uo & WP+ ojug G Wi
with boundary condition %ﬁj@ =0, 7 denoting the outward unit normal on @.

In Figures 1-6 we show experimental results on synthetic andeal images, some
corrupted by noise, with the model (2.9). We denote byv = ¢c;H( )+ c;H( )
the piecewise-constant component extracted fromug. We present the nal detected
contours superposed over the initial dataug. In our experimental results, we let

1 = 2. We have used semi-implicit nite di erences schemes to disretize the
equations in and w. The piecewise-constant segmentation modelg] would not
produce the correct segmentation, while the piecewise-snoth model [20] would be
more complicated. In the case of noisy images, we assume th#te noise is white,
Gaussian, additive, of zero mean and a variance of 20.
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Figure 1. Two-phase APS model. Top: initial MRI image ug
with global intensity inhomogeneity. 2nd row: initial, int ermediate
and nal detected contours. 3rd row: initial, intermediate and
nal v. Last row: initial, intermediate and nal w. Parameters:
=400, 1= =1, 1=1000, ,=0:1. Iterations: 200.

2.4. A four-phase APS model. With 2 level-set functions [20], consider

i APS R. i R, i
lgf Fi7>(C1;C2;C3;C4; 15 W)= 1 _jr H(C 1)j+ 2 jr H( 2)j

+|92 juo & WPPH( )H( 2)dx+ 2 jup ¢ WPPH( 1)H( 2)dx
3 juo € WPPH( H( 2)dx+ 4_ jup cs WPPH( H( 2)dx

R
R
o R,
+ 1 jr wjldx+ »  jD2wj2dx:
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Figure 2. Two-phase APS model. Top: initial MRI image ug
with additive noise and bias eld. Middle: initial, interme diate and
nal detected contours. Bottom: nal v, w, andv+ w. Parameters:
Wp = Up, =509, ;= ,=1, ;=1500, ,=1.

Minimizing FPS with respect to it's variables, and replacingH by H , we obtain:
R (g WH( DH( 2)dx R (o WH( DH( 2)dx.

ci( 1; 23W) = H( DH( 2)dx (13 2;W) = H( )H( 2)dx
.. _ (go W)H(  1)H( 2)dx, .. _ (Yo W)H(  1)H(  2)dx,
c( 15 2;wW) = A( OH( 2)dx Ca( 1 25wW) = H( )(H( 2)dx

@i= 1(uo o WH( DH( 2)*+ 2(u0 ¢ WH( )H( 2)
+ 3(Uo € WH( 1)H( 2)+ 4(uo ca WH( 1)H( 2))
+ 14w L4°%w;

Ci= (1) adv i o o WPH( o)
2Uo G WPPH( 2)+ sjup C3 WjPH( 2)

+ 4jUp G WPPH( 2);

€= (2) odvi—%  ijuo & WPEH( 1)

+ 2jU0 Co WjZH( 1) 3jU0 C3 WjZH( 1)
+ 4jU0 Cy WJZH( 1) .

3. Piecewise-constant model with multiplicative noise (MP 03]

Let up = u be a given image containing multiplicative noise . Assume
up 2 Lt (), R? is bounded with Lipschitz boundary, and u is piecewise-
constant. We further assume thatj j=1; = 1, and the convention g =0.
Inspired by the image restoration model in the case of multigicative noise [16] for
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Figure 3. Two-phase APS model. Top left to right: initial ug
with slight intensity inhomogeneity as a lightning variati on; initial,
intermediate and nal contours. Bottom left to right: nal v, w,
v+ w. Parameters: =2000, ;= ,=0:7, 1 =300, ,=0:1 5
Iterations: 2000.

the data delity term, we introduce here a new piecewise-costant segmentation
model for images corrupted by multiplicative noise, in the girit of [ 5], [6], [20].

We propose to minimize the foIIov%ing energy .

MPC X ; X Uo 2
(3.1) Ly~ (&)= j rHCI+ i (— 1) pdx
1) m 1in G
3.1. A two-phase MPC Model. The energy in the two-phase case is
R
3.2 LMPC (c1;¢0; ) = ir H()j
(3.2) R 2 - (Cic2; ) R ()

+ 1 (% 12H( )dx+ (& 12?H( )dx:

C1
Keeping  xed, minimizing LY"¢ with respect to c; and c;, we obtain explicit

2 2
expressions () = Eg:g ;gi e )= %: ReplacingH by H in (3:2),
we obtain an Euler-Lagrange equation for , parameterizing the gradient descent

direction and with similar boundary conditions,

@ _ . r Ug 2 Ug 2 .
o O dvi—  u DT 17
In Figure 7, we successfully use the multiplicative model fom (3.2) to denoise
and segment two images corrupted by multiplicative noise ofmean 1 (we have con-
structed the multiplicative noise using the formula noise =1+ , where is white
Gaussian noise of zero mean and variance 20). It is natural @t the multiplicative
noise does not appear that strong in the darker areas. Also, aescaling for visual
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Figure 4. Two-phase APS model. Top: initial up with additive

noise and slight intensity inhomogeneity. Middle: initial, interme-

diate, detected nal contours. Bottom: v, w, v+ w. Parameters:
=6000, ;= ,=1, =120, , =0:005. lterations: 1500.

purposes has been performed, because, everuiR (0; 255], but ug = u noise may
take values larger than 255.

3.2. A four-phase MPC model. The energy for the four-phase case is

LYEC (@iciceit 15 2)= 1 JLH( )i+ 2 0 H( 2)]
+ g 18 WPHODH( 2+ 2 j2 JPH(DH( 2)dx
0

C2

2H( )H( 2)dx+ 4 j% 12H( )H( 2)dx:

U
+ 3 co

Jes
4. Piecewise-smooth model with multiplicative noise (MPS)

In this last case, the unknownu is piecewise-smooth, i.eu = v w, wherev is
piecewise-cogstant andv is smooth. Therefore,up = u noise = (v w) noise, with
j j=1,and noise = 1. Similarly, we can express the energy for this model to
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Figure 5. Two-phase APS model. Left to right, top to bottom:
initial up with additive global intensity inhomogeneity and detected
contours after processing; extracted piecewise-constambmponent
v; extracted smooth componentw; v + w. Parameters: wp =
mean(ug), =2:1 25% 102, ;= ,=1, =1, ,=150.

representn = log, m phases in an image written using characteristic functions a
z

MPS X ; X z : Uo 2
Lo > (Eniis EqsW) = T L - i Igy U oedx
1 2 7 1in G 7
4.1) + 1 jwjldx+ o jr wjldx+ 3 jD?wj2dx;

where againD?w is the Hessian matrix ofw, constrained to be a smooth function,
belonging to H?(), and  p, is made of products of g, orl g; of m factors,
1 i n=2" Forimages, it is natural to assume thatug 2 L () L2().
We assume in addition that ug > 0, where is a (small) positive constant.
Minimizing L}PS with respect to ¢;, for xed g, and xed w, we obtain

R
(89)2 p dx

(4-2) AN (T e v
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Figure 6. Two-phase APS model. Left to right, top to bottom:

Up with additive noise and smooth inhomogeneity and extracted
contours after processing; extracted piecewise-constambmponent

v, extracted smooth componentw; denoised imagev + w. Param-
eters: wo = mean(ug), =1:5 25% 102, ;= ,=1, 1 =60,
2= 1.

4.1. Existence of minimizers for the MPS model. We only consider the
casep = 2, while the casep =1 is similar. Consider the minimization
(4.3)

inf )fL,'Y'PS( £ EasW) D g 2f0Igw2 H2() ;w > Og:

Theorem 4.1 Let be an open and bounded subset of?Rwith a C* boundary
@ . Letalsoup 2 Lt () , such that ug(x) > 0, forall x2 ,and j >0,
j=1;u5m, >0,i=1;:;n=2" and i1; 2; 3> 0. Then there are functions

g, 2BV() , g (x)2f0;1gdx-aein ,andw?2 H2() with w(x) > 0 for
all x 2, as solutions of (4.3).
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Figure 7. Two-phase MPC model. Denoising and segmentation
of two images corrupted by multiplicative noise of mean 1. Ew-
lution of contours displayed over the initial noisy image ard the
segmented imager = c;tH( )+ coH( ) of averages over time.

Proof. ~Consider a minimizing sequence (g, ;5 Eny »Wk) Of (4.3). We
have foij =1;:;m,i=1;:n,and all k,
z u
jr Ejk =i Ejx iBv 0 C; c. (\)N 1)2 Pix dx C;
z y4 Kk Tkz

jwej2dx  C; jr wj2dx  C;  jD?wyj2dx C;

Yoyz g . .
whereciy = JR(—(WUKO))% Notice that ¢ =0i p, =0o0r 2o p =0.
W ik [§ )

We have k g, kLvl() j |, forallj =1;:;m and all k. By passing to
subsequences if necessary, there exist functionsg;, 2 BV (), j = 1;:;m, and
w 2 H?() such that ey convergesto g, weak*in BV ()forall j (and strongly
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inLY()and dx a.e.in ), and wg *w weakly in H?(). We obtain
Z Z VA Z

i ir gl lemlnf jr ZEj;k i; jwj“dx Ilmmf JWi jedx
jr wj2dx liminf e wij2dx;  jD2wj?dx liminf iD 2wy j2dx:

Based on Remark 2.1, we also have here thay; w are uniformly bounded in

L' () and in CO°(). Since, up to a subsequence,wy ! w a.e. andw , we
obtain w and

3 . . ku k21 kwk, 1
(4.4) 0 ] G OL—3L'

< - 0
Kuoki 1 kwk?,
Sinceug > 0, and wy > 0 we have,

3 . kuok?: kwik :
< . J Ci;k] ORL1 h k KL .
kuokp 1 kwik?

Again, sincewy are uniformly bounded in L* (), we have that the sequence cix

is bounded, and that Ck“—OWk C”—SV 2 LY (). Itis easy to show that cx ! ¢ as

k!1 . Finally, from the Lebesgue Dominated Convergence theoremwe obtain
Z Z

(4.5) 0

— 1 dx = lim 1 odx;
(qw ) P lin G W )" Pu
for i =1;::;n. Moreover, g; are characteristic functions of setsk; , and
LMPS (g B, 5W) lim inf LMPS (i Eme s WK):

Remark 4.2 Suppose thatin the minimization problem (4.3) we do not impcse
w > 0. Then, if a minimizer ( g,;: g, ;W) of LMPS exists with w > 0 well
de ned and kwkyz(y > 0, it leads to a contradiction: indeed, if such a minimizer
exists, then for 0< ¢ < 1, by replacingc; and w in (4.1) with % and cw respectively,
we haveLMPS (( g,;un g, ow) < LMPS (g5 g, s w), impossible. Asc! 0,
w! Oandg !1 . The condition w > 0 keeps the bounds foijcj and w.

4.2. A two-phase MPS model. The energy corresponding to the two-phase
model can be written as:

z z
(4.6) LYPS (e iw) = P HOjdx+ 1 joo 1PH( )dx
z z z Uz
*o g WPH( Jdx+ 1 wPdx+ 2 jrwidx+ s jD7wi%dx:
2

Keeping and w xed, minimizing LYPC with respect.to ¢, and c;, we obtain
; e ; . _ g (S)PH()dx, . -
again explicit expressions for these constantsc;(;w ) = R—(%"W c(;w)=
R w
(R2)2H( )dx

R_(W: The Euler-Lagrange equation forw, parameterized in the gradient

descent direction, is

@w_
@t C;|_W2

2Uo
CzW2

(C‘i—sv DH( )+ (C‘:—Sv D@ H()) 1+ 24w 342w



ADDITIVE AND MULTIPLICATIVE SEGMENTATION MODELS 15

Figure 8. Two-phase MPS model. Left to right, top to bottom:
initial ug with multiplicative noise of mean 1 and global intensity
inhomogeneity; nal contour over ug; rescaled version ofv, with
10c; + 100; smooth w + 100; denoised imagev w.

ReplacingH by a more regularH in (4:6), we obtain an Euler-Lagrange equation
for , parameterized in the gradient descent direction,

@ T Uo 2 Uo 2

- = d — —_— 1) + —_— 1)° :

o () dvi—  aGn W oacn D

In Figure 8, we apply the piecewise-smooth multiplicative nodel from (4.6) to

denoise and segment an image corrupted by multiplicative nigze of mean 1 (random
noise de ned by 1+ , with a white Gaussian noise of zero mean) and by a smooth
bias eld.

4.3. A four-phase MPS model. The energy corresponding to the four-
phase model can be written as: R R
LY¥PS (C15Ca5Ca5Ca; 15 2:W)= 1 Jr H( 2)j+ 2 jr H( 2)j
t oy LPH( DH( 2)dx+ 2 oy WH( DH( 2)dx

ta oy 112H(h1)H(z)dX+ o 1ji2H( DH(  2)dx

CaW

+ UWj? + 2r wj?+ 5jD?wj? dx:

5. Conclusions

We have presented in this work curve evolution segmentatiormodels applied
to images corrupted by additive or multiplicative noise, and by intensity inhomo-
geneities. Theoretical results of existence of minimizerbave been presented. Also,
the two-phase models have been validated by experimental seilts on synthetic and
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real images. The multi-phase case (more than two constant ggnents) could have
been considered in practice as well.
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