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Abstract. We propose several models to segment images corrupted by add i-
tive or multiplicative noise, and by a smooth �eld (as global intensity inho-
mogeneity) in a variational curve evolution approach. The p roposed energies
can be seen as particular K � functionals or J � functionals that arise in the
theory of interpolation between spaces. In the additive cas e, we decompose a
data function u0 into the sum v + w + noise . Here, v is a piecewise-constant
component, capturing edges and discontinuities, while w is a smooth compo-
nent, capturing global intensity inhomogeneities. We also propose a piecewise-
constant segmentation model of data corrupted by multiplic ative noise. The
�delity term is chosen appropriately for such degradation m odel. Then, we
extend this model to piecewise-smooth segmentation, decom posing the data
u0 into the product v � w � noise , where again v is piecewise-constant, while w
is smooth. Theoretical and experimental results are presen ted.

1. Introduction

We introduce and analyze several models for image segmentation, decomposi-
tion and denoising. Implicit representation [9], [10], [14] is used to represent edges
in a variational approach, as in [22], [5], [6], [20]. The proposed methods continue
the existing curve evolution techniques based on implicit representation and on
region based segmentation model [13], such as [5], [6], [20], [19], [18].

We decompose a given imageu0 into the sum v+ w+ noise, wherev is piecewise-
constant, modeling sharp edges, whilew is smooth, capturing global intensity
inhomogeneities, smooth variations, variable lightning. A related prior work in
a variational approach, while proposed for image restoration and not for image
segmentation, is [4], where, given an image datau0 2 L 2(
), two components
v and w are extracted from u0, such that u0 = v + w + noise, by minimizing

inf v;w

n R

 jr vj + �

R

 jD 2wj + �

R

 ju0 � v � wj2dx

o
. Thus v will be closed to a

piecewise-constant image, andw close to a smooth image. In the present work,
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we will explicitly impose that v is piecewise-constant, thus edges will be extracted
from u0. The degradation model will be u0 = v + w + noise, with Gaussian ad-
ditive noise of zero mean, and with the above properties onv and w respectively,
piecewise-constant and smooth.

We also consider the multiplicative case in a curve evolution segmentation
approach. Here, we use a �delity term inspired by the image restoration model [16],
[17]. In [16], [17], a model for image restoration in the presence of multiplicative

noise was proposed, by minimizing infu
�

�
R


 j u0
u � 1j2dx +

R

 jr uj

o
. Again, in the

present work,u will be represented byu = vw, with v piecewise-constant andw � 1
or w is smooth. Thus, we assume that the datau0 follows a degradation model with
multiplicative noise (of the form noise = 1+\noise", where \noise" is Gaussian noise
of zero mean), given byu0 = v�w�noise. In medical imaging, the factor w is called a
bias �eld or intensity inhomogeneity. A related work to our m ultiplicative piecewise-
smooth model with segmentation has been proposed in [12], where the bias �eld is
also smooth, multiplicative and represented byw, u is piecewise-constant as in [5],
[6], but the noise is additive, and not multiplicative: u0 = v � w + noise. Thus our
proposed purely multiplicative model u0 = v � w � noise will have a di�erent �delity
term, inspired from [16], [17], and it applies to a di�erent statistical model. Other
related models that deal with intensity inhomogeneities and bias �elds, by di�erent
approaches, are [21] and [1].

We would like to mention that many techniques in image analysis (like the
functional minimizations introduced here) can be seen as particular cases ofK �
functionals or J � functionals arising in the theory of interpolation between spaces
[3], [2]. In general, two function Banach spacesX 1 and X 2 are considered, with
X 1 � X 2, or X 1 smoother than X 2, and to u0 2 X 1 + X 2 and � > 0 is associated
a J � functional

J (u0; � ) = inf
u0 = u1 + u2 ;u 1 2 X 1 ;u 2 2 X 2

ku1kX 1 + � ku2kp
X 2

= inf
u2 X 1

kukX 1 + � ku0 � ukp
X 2

;

wherep � 1 is a constant. In image analysis, canonical examples ofJ � functionals
include the image segmentation model [13] (given here in a weak formulation [7]),

J (u0; � ) = inf
u2 SBV (
)

Z


 nSu

jr uj2dx + H 1(Su ) + � ku0 � uk2
L 2 (
) ;

where u0 2 L 1 (
) � L 2(
) = X 2, 
 � IR 2 is open, bounded, connected, and with
C1 boundary, H 1 is the 1-dimensional Hausdor� measure, andSu is the jump-set of
u 2 SBV (
) = X 1, the space of special functions of bounded variation. A second
canonical example is given by theJ � functional [15],

J (u0; � ) = inf
u2 BV (
)

jujBV (
) + � ku0 � uk2
L 2 (
) ; X 1 = BV (
) ; X 2 = L 2(
) :

In [20], general piecewise-constant (PC) and piecewise-smooth (PS) segmen-
tation models have been introduced, which can representn phases in an image
using m = log 2(n) level set functions, in the framework of the segmentation model
[13]. In the piecewise-constant case, the model from [20] is as follows. Let
u0 2 L 1 (
) � L 2(
) be a given noisy image, 
 � IR 2, and u be the desired
piecewise-constant image that we would like to recover and segment, given that
u0 � u + � ,

R

 �dx = 0. Denote ~� = ( � 1; :::; � m ) the vector of implicit func-

tions � i : 
 ! IR , and H (~�) = ( H (� 1); :::; H (� m )) the vector of Heaviside
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functions. Two pixels (x1; x2); (y1; y2) 2 
 belong to the same phase, if and
only if H (~�( x1; x2)) = H (~�( y1; y2)), and there are up to n = 2 m phases. Let
P = f Pi : 1 � i � ng be the set of disjoint phases or subsets of the partition,
and ~c= ( c1; :::; cn ) be an unknown constant vector. Then the energy minimization
problem for (PC) segmentation in the case of additive noise can be written as [20]:

inf
~c;~�

F AP C
n (~c;~�) =

X

1� j � m

� j

Z



jr H (� j )j +

X

1� i � n =2 m

� i

Z



ju0 � ci j2� P i dx:

For instance, in the above functional, for n = 2 we have � P1 = H (� 1), � P2 =
H (� � 1), for n = 4 we have � P1 = H (� 1)H (� 2), � P2 = H (� 1)H (� � 2), � P3 =
H (� � 1)H (� 2), � P4 = H (� � 1)H (� � 2), etc, with

P
1� i � n � P i � 1. In the general

case, we have� P i = � 1� j � m H (+ or � � j ), 1 � i � n = 2 m , and there aren = 2 m

di�erent possibilities to de�ne � P i .
The proposed methods below could also be written in the general form of a

J � functional with � i = � .
The outline of the paper is as follows. In Section 2 we introduce our proposed

models in the additive piecewise-smooth case, and we show existence of minimizers
using the standard method of calculus of variations for two particular cases. In
Section 3 we extend the model from [5], [6] to segmentation of piecewise-constant
images corrupted by multiplicative noise. In Section 4 we present our multiplicative
piecewise-smooth model and give a result for existence of minimizers. The corre-
sponding Euler-Lagrange equations associated with each minimization, together
with several experimental results using the proposed 2-phase methods are also pre-
sented in each section.

2. Piecewise-smooth model with additive noise (APS)

For our �rst model, we will consider the unknown u = v + w, where v is
piecewise-constant andw is a smooth function on 
 modeling intensity inhomo-
geneities. We propose the following energy minimization model, giving the data u0

and the degradation modelu0 = v + w + noise: minimize

F AP S
n (~c;~� ; w) =

X

1� j � m

� j

Z



jr H (� j )j +

X

1� i � n =2 m

� i

Z



ju0 � ci � wj2� P i dx

+ � 1

Z



jr wjpdx + � 2

Z



jD 2wjpdx;(2.1)

where p 2 f 1; 2g, D 2w =
�

wx 1 x 1 wx 1 x 2

wx 2 x 1 wx 2 x 2

�
is the Hessian ofw, and jD 2wj =

p
w2

x 1 x 1
+ 2 w2

x 1 x 2
+ w2

x 2 x 2 : . This new model for image denoising, segmentation and
decomposition is di�erent from the piecewise-smooth segmentation model from [20].

Remark 2.1. We recall that in two dimensions, if 
 is an open, bounded
subset of IR 2, with a C1 boundary, and if w 2 H 2(
) = W 2;2(
), then based on
the General Sobolev Inequality [11], we have that w 2 C0;
 (
), with 0 < 
 < 1,
and kwkC 0;
 ( 
) � CkwkW 2; 2 (
) (the constant C depending only on 
). Thus w

is a continuous function in 
, w 2 L 1 (
), and kwkL 1 ( 
) � CkwkW 2; 2 (
) . This
corresponds to the casep = 2 in (2.1).
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2.1. Existence of minimizers for the APS model when p = 2 . Keeping
~�, w �xed, and minimizing (2 :1) with respect to ci , we obtain when Pi 6= ; :

(2.2) ci (� P i ; w) =

R

 (u0 � w)� P i dx

R

 � P i dx

; with � P i = � P i (H (� 1); :::; H (� m )) :

Therefore, using� E j := H (� j ), 1 � j � m, (2.1) can be written as

F AP S
n (� E 1 ; :::; � E m ; w) =

P
1� j � m � j

R

 jr � E j j

+
P

1� i � n � i
R


 ju0 � ci (� P i ; w) � wj2� P i dx + � 1
R


 jr wj2dx + � 2
R


 jD 2wj2dx:

Our problem becomes the minimization problem
(2.3)

inf
( � E 1 ;:::;� E m ;w )

n
F AP S

n (� E 1 ; :::; � E m ; w) : � E i 2 f 0; 1g; � E i 2 BV (
) ; w 2 H 2(
)
o

:

Theorem 2.2. Assume that 
 is an open and bounded subset of IR2, with a C1

boundary @
 . Let u0 2 L 2(
) , � j > 0, j = 1 ; :::; m, � i > 0, i = 1 ; :::; n = 2 m and
� 1; � 2 > 0. Then there are functions � E j 2 BV (
) , with � E j (x) 2 f 0; 1g dx-a.e in

 , and w 2 H 2(
) as solutions of problem 2.3.

Proof. Let ( � E 1;k ; :::; � E m;k ; wk ) be a minimizing sequence of (2:3), satisfying
kwk kL 2 (
) � k wk + ckL 2 (
) , for all c 2 IR, thus wk; 
 :=

R

 wk dx = 0 : Denote

ci;k = ci (� P i;k ; wk ), i = 1 ; :::; n. We have
Z



jr � E j;k j = j� E j;k jBV (
) � C; 1 � j � m;(2.4)

Z



ju0 � ci;k � wk j2� P i dx � C; 1 � i � n;(2.5)
Z



jr wk j2dx � C;

Z



jD 2wk j2 dx � C:(2.6)

By Poincar�e's inequality, we have for all k,

(2.7) kwk kL 2 (
) = kwk � wk; 
 kL 2 (
) � C0kr wk kL 2 (
) � C:

Therefore, (2.6) and (2.7) imply that kwk kH 2 (
) � C, for all k. Based on Re-
mark 2.1, we deduce thatwk is also uniformly bounded in L 1 (
). Notice that
k� E j;k kL 1 (
) � j 
 j, for all j; k . By passing to subsequences if necessary, there exist
functions � E j 2 BV (
), j = 1 ; :::; m, and w 2 H 2(
) such that � E j;k converges
to � E j weak* in BV (
) (and strongly in L 1(
) and a.e.), and wk converges tow
weakly in H 2(
). We have

Z



jr � E j j � lim inf

k !1

Z



jr � E j;k j; 1 � j � m;

Z



jr wj2dx � lim inf

k !1

Z



jr wk j2dx;

Z



jD 2wj2dx � lim inf

k !1

Z



jD 2wk j2dx:

Note that jci (� P i;k ; wk )j � jj u0 � wk jjL 2 (
) � C. From Rellich-Kondrachov's The-
orem, we have, up to a subsequence,wk ! w strongly in L 2(
) and dx� a.e. in

. It is easy to verify that ci;k ! ci as k ! 1 . From the Lebesgue Dominated
Convergence Theorem, we obtain

R

 ju0 � ci � wj2� P i dx = lim k !1

R

 ju0 � ci;k �
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wk j2� P i;k dx; for i = 1 ; :::; n, whereci is computed using (2:2) and wk are uniformly
bounded in L 1 (
). Therefore,

F AP S
n (� E 1 ; :::; � E m ; w) � lim inf

k !1
F AP S

n (� E 1;k ; :::; � E m;k ; wk );

and (� E 1 ; :::; � E m ; w) is a minimizer. Moreover, each� E j 2 BV (
) is a character-
istic function of some setE j � 
 with �nite perimeter, since � E j;k ! � E j dx-a.e.
in 
 and � E j;k 2 f 0; 1g. Also, we have

P n
i =1 � P i = 1 dx-a.e. �

Remark 2.3. We may not have uniqueness for this minimization problem.
Suppose (c1; :::; cn ; w) is a minimizer, then for any constant c, (c1 � c; :::; cn � c; w+ c)
is another minimizer, since the energy is the same for allc.

2.2. Existence of minimizers for the APS model when p = 1 .

Definition 2.4. [8] Let u 2 W 1;1(
). We say that u is a function of bounded
Hessian in 
 if u 2 W 1;1(
) and D 2u = ( D x 1 x 1 u; D x 1 x 2 u; D x 2 x 1 u; D x 2 x 2 u) is rep-
resentable by a �nite Radon measure in 
, i.e.

Z



u

@2'
@xi @xj

dx =
Z



'dD x i x j u; 8' 2 C1

c (
) ; and jD 2uj(
) < 1 ; where

jD 2uj(
) = sup f
Z



u

�
@2' 1

@x21
+ 2

@2' 2

@x1@x2
+

@2' 3

@x22

�
dx : ~' 2 C1

c (
) 3; kj ~' jk1 � 1g:

The vector space of all functions of bounded Hessian in 
 is denoted by BH (
).
Equipped with the norm kukBH (
) = kukW 1; 1 (
) + jD 2uj(
) ; BH (
) becomes a
Banach space.

Remark 2.5. (Lower semicontinuity) For any choice of ~' 2 C1
c (
) 3, the func-

tional

L (u) =
Z



u

�
@2' 1

@x21
+ 2

@2' 2

@x1@x2
+

@2' 3

@x22

�
dx

is continuous in the W 1;1(
)-topology. Therefore jD 2uj(
) is lower semicontinuous
with respect to the W 1;1(
)-topology.

Remark 2.6. We recall the following result from [8]: if 
 is an open and
bounded subset ofIR 2, with a C2 uniform boundary, then there is a linear contin-
uous injection from BH (
) into C(
).

Recall the minimization problem when p = 1,
(2.8)

inf
( � E 1 ;:::;� E m ;w )

n
GAP S

n (� E 1 ; :::; � E m ; w) : � E j 2 f 0; 1g; � E j 2 BV (
) ; w 2 BH (
)
o

;

where

GAP S
n (� E 1 ; :::; � E m ; w) =

P
1� j � m � j

R

 jr � E j j

+
P

1� i � n � i
R


 ju0 � ci (� P i ; w) � wj2� P i dx + � 1
R


 jr wjdx + � 2
R


 jD 2wj;

and ci are given as before by (2.2). Recall that
R


 jD 2wj = jD 2wj(
).

Theorem 2.7. Assume that 
 � IR 2 is open and bounded, with aC2 uniform
boundary. Let u0 2 L 2(
) , � j > 0, j = 1 ; :::; m, � i > 0, i = 1 ; :::; n = 2 m and
� 1; � 2 > 0. Then there are functions � E j 2 BV (
) , with � E j (x) 2 f 0; 1g dx-a.e in

 , and w 2 BH (
) as solutions of problem 2.8.
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Proof. The proof is almost similar with the case p = 2. By Poincar�e-
Wirtinger's inequality, we will deduce that wk will be uniformly bounded in L 2(
)
and thus in L 1(
). Thus wk will be now uniformly bounded in BH (
), and a
subsequencewk will converge to w 2 BH (
) weak* in BH (
) and strongly in
W 1;1(
). This sequence will also be uniformly bounded in L 1 (
) and in C(
),
based on Remark 2.6. The other steps are similar and we omit them.

�

The di�erence between the casesp = 1 and p = 2 will be in the fact that for
p = 1, w can have discontinuities in the derivatives, because in this caser w 2
BV (
) 2 only.

2.3. A two-phase APS model. The minimization for two-phases with p = 2
is

inf
c1 ;c2 ;�;w

F AP S
2 (c1; c2; �; w ) = �

Z



jr H (� )j + � 1

Z



ju0 � c1 � wj2H (� )dx

+ � 2

Z



ju0 � c2 � wj2H (� � )dx + � 1

Z



jr wj2dx + � 2

Z



jD 2wj2dx:(2.9)

Keeping � and w �xed, and minimizing F AP S
2 with respect to the constants c1 and

c2, we obtain c1(�; w ) =
R


 (u0 � w )H ( � )dxR

 H (� )dx ; c2(�; w ) =

R

 (u0 � w )H ( � � )dxR


 H (� � )dx : Formally

minimizing F AP S
2 with respect to w, and keepingc1, c2, and � �xed, we obtain the

Euler-Lagrange equation forw, parameterized in the gradient descent direction by
an arti�cial time t � 0, with w(0; x) = w0(x),

@w
@t

= � 1(u0 � c1 � w)H (� ) + � 2(u0 � c2 � w)H (� � ) + � 14 w � � 24 2w;

and with zero boundary conditions for 1st, 2nd and 3rd order partial derivatives of
w on @
. To obtain the Euler-Lagrange equation for � , we will replace H in (2.9)
with a more regular H � [5], such that H � ! H as � ! 0. Therefore, using� � = H

0

� ,
keeping c1, c2, and w �xed, formally minimizing with respect to � the regularized
energy, we obtain the Euler-Lagrange equation for� (t; x ), also parameterized in
the gradient descent direction by an arti�cial time t � 0, with � (0; x) = � 0(x),

@�
@t

= � � (� )
�
� div

� r �
jr � j

�
� � 1ju0 � c1 � wj2 + � 2ju0 � c2 � wj2

�
;

with boundary condition @�
@~nj@
 = 0, ~n denoting the outward unit normal on @
.

In Figures 1-6 we show experimental results on synthetic andreal images, some
corrupted by noise, with the model (2.9). We denote byv = c1H (� ) + c2H (� � )
the piecewise-constant component extracted fromu0. We present the �nal detected
contours superposed over the initial datau0. In our experimental results, we let
� 1 = � 2. We have used semi-implicit �nite di�erences schemes to discretize the
equations in � and w. The piecewise-constant segmentation model [6] would not
produce the correct segmentation, while the piecewise-smooth model [20] would be
more complicated. In the case of noisy images, we assume thatthe noise is white,
Gaussian, additive, of zero mean and a variance of 20.
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Figure 1. Two-phase APS model. Top: initial MRI image u0

with global intensity inhomogeneity. 2nd row: initial, int ermediate
and �nal detected contours. 3rd row: initial, intermediate and
�nal v. Last row: initial, intermediate and �nal w. Parameters:
� = 400, � 1 = � 2 = 1, � 1 = 1000, � 2 = 0 :1. Iterations: 200.

2.4. A four-phase APS model. With 2 level-set functions [20], consider

inf F AP S
4 (c1; c2; c3; c4; � 1; � 2; w) = � 1

R

 jr H (� 1)j + � 2

R

 jr H (� 2)j

+ � 1
R


 ju0 � c1 � wj2H (� 1)H (� 2)dx + � 2
R


 ju0 � c2 � wj2H (� 1)H (� � 2)dx

+ � 3
R


 ju0 � c3 � wj2H (� � 1)H (� 2)dx + � 4
R


 ju0 � c4 � wj2H (� � 1)H (� � 2)dx

+ � 1
R


 jr wj2dx + � 2
R


 jD 2wj2dx:
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Figure 2. Two-phase APS model. Top: initial MRI image u0

with additive noise and bias �eld. Middle: initial, interme diate and
�nal detected contours. Bottom: �nal v, w, and v+ w. Parameters:
w0 = u0, � = 509, � 1 = � 2 = 1, � 1 = 1500, � 2 = 1.

Minimizing F AP S
4 with respect to it's variables, and replacing H by H � , we obtain:

c1(� 1; � 2; w) =
R


 (u0 � w )H ( � 1 )H ( � 2 )dxR

 H (� 1 )H ( � 2 )dx ; c2(� 1; � 2; w) =

R

 (u0 � w )H ( � 1 )H ( � � 2 )dxR


 H (� 1 )H ( � � 2 )dx ;

c3(� 1; � 2; w) =
R


 (u0 � w )H ( � � 1 )H ( � 2 )dxR

 H (� � 1 )H ( � 2 )dx ; c4(� 1; � 2; w) =

R

 (u0 � w )H ( � � 1 )H ( � � 2 )dxR


 H (� � 1 )( H ( � � 2 )dx ;

@w
@t = � 1(u0 � c1 � w)H (� 1)H (� 2) + � 2(u0 � c2 � w)H (� 1)H (� � 2)

+ � 3(u0 � c3 � w)H (� � 1)H (� 2) + � 4(u0 � c4 � w)H (� � 1))H (� � 2))

+ � 14 w � � 24 2w;
@�1
@t = � � (� 1)

�
� 1div

� r � 1
jr � 1 j

�
� � 1ju0 � c1 � wj2H (� 2)

� � 2ju0 � c2 � wj2H (� � 2) + � 3 ju0 � c3 � wj2H (� 2)

+ � 4 ju0 � c4 � wj2H (� � 2)
�
;

@�2
@t = � � (� 2)

�
� 2div

� r � 2
jr � 2 j

�
� � 1ju0 � c1 � wj2H (� 1)

+ � 2ju0 � c2 � wj2H (� � 1) � � 3 ju0 � c3 � wj2H (� 1)

+ � 4 ju0 � c4 � wj2H (� � 1)
�
:

3. Piecewise-constant model with multiplicative noise (MP C)

Let u0 = u � � be a given image containing multiplicative noise� . Assume
u0 2 L 1 (
), 
 � IR 2 is bounded with Lipschitz boundary, and u is piecewise-
constant. We further assume that j
 j = 1 ;

R

 � = 1, and the convention 0

0 = 0.
Inspired by the image restoration model in the case of multiplicative noise [16] for
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Figure 3. Two-phase APS model. Top left to right: initial u0

with slight intensity inhomogeneity as a lightning variati on; initial,
intermediate and �nal contours. Bottom left to right: �nal v, w,
v+ w. Parameters: � = 2000, � 1 = � 2 = 0 :7, � 1 = 300, � 2 = 0 :1� 5.
Iterations: 2000.

the data �delity term, we introduce here a new piecewise-constant segmentation
model for images corrupted by multiplicative noise, in the spirit of [ 5], [6], [20].
We propose to minimize the following energy

(3.1) L MP C
n (~c;~�) =

X

1� j � m

� j

Z



jr H (� j )j +

X

1� i � n

� i

Z



(
u0

ci
� 1)2� P i dx:

3.1. A two-phase MPC Model. The energy in the two-phase case is

L MP C
2 (c1; c2; � ) = �

R

 jr H (� )j(3.2)

+ � 1
R


 ( u0
c1

� 1)2H (� )dx + � 2
R


 ( u0
c2

� 1)2H (� � )dx:

Keeping � �xed, minimizing L MP C
2 with respect to c1 and c2, we obtain explicit

expressionsc1(� ) =
R


 u2
0 H (� )dxR


 u0 H (� )dx ; c2(� ) =
R


 u2
0 H (� � )dxR


 u0 H (� � )dx : ReplacingH by H � in (3:2),
we obtain an Euler-Lagrange equation for� , parameterizing the gradient descent
direction and with similar boundary conditions,

@�
@t

= � � (� )
�
� div

� r �
jr � j

�
� � 1(

u0

c1
� 1)2 + � 2(

u0

c2
� 1)2�

:

In Figure 7, we successfully use the multiplicative model from (3.2) to denoise
and segment two images corrupted by multiplicative noise ofmean 1 (we have con-
structed the multiplicative noise using the formula noise = 1 + � , where � is white
Gaussian noise of zero mean and variance 20). It is natural that the multiplicative
noise does not appear that strong in the darker areas. Also, arescaling for visual
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Figure 4. Two-phase APS model. Top: initial u0 with additive
noise and slight intensity inhomogeneity. Middle: initial , interme-
diate, detected �nal contours. Bottom: v, w, v + w. Parameters:
� = 6000, � 1 = � 2 = 1, � 1 = 120, � 2 = 0 :005. Iterations: 1500.

purposes has been performed, because, even ifu 2 (0; 255], but u0 = u � noise may
take values larger than 255.

3.2. A four-phase MPC model. The energy for the four-phase case is

L MP C
4 (c1; c2; c3; c4; � 1; � 2) = � 1

R

 jr H (� 1)j + � 2

R

 jr H (� 2)j

+ � 1
R


 j u0
c1

� 1j2H (� 1)H (� 2)dx + � 2
R


 j u0
c2

� 1j2H (� 1)H (� � 2)dx

+ � 3
R


 j u0
c3

� 1j2H (� � 1)H (� 2)dx + � 4
R


 j u0
c4

� 1j2H (� � 1)H (� � 2)dx:

4. Piecewise-smooth model with multiplicative noise (MPS)

In this last case, the unknownu is piecewise-smooth, i.e.u = v � w, where v is
piecewise-constant andw is smooth. Therefore,u0 = u � noise = ( v � w) � noise, with
j
 j = 1, and

R

 noise = 1. Similarly, we can express the energy for this model to
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Figure 5. Two-phase APS model. Left to right, top to bottom:
initial u0 with additive global intensity inhomogeneity and detected
contours after processing; extracted piecewise-constantcomponent
v; extracted smooth component w; v + w. Parameters: w0 =
mean(u0), � = 2 :1 � 2552 � 10� 2, � 1 = � 2 = 1, � 1 = 1, � 2 = 150.

representn = log 2 m phases in an image written using characteristic functions as

L MP S
n (� E 1 ; :::; � E m ; w) =

X

1� j � n

� j

Z



jr � E j j +

X

1� i � n

� i

Z



j

u0

ci w
� 1j2� P i dx

+ � 1

Z



jwj2dx + � 2

Z



jr wj2dx + � 3

Z



jD 2wj2dx;(4.1)

where againD 2w is the Hessian matrix ofw, constrained to be a smooth function,
belonging to H 2(
), and � P i is made of products of� E j or 1 � � E j of m factors,
1 � i � n = 2 m . For images, it is natural to assume that u0 2 L 1 (
) � L 2(
).
We assume in addition that u0 � � > 0, where� is a (small) positive constant.

Minimizing L MP S
n with respect to ci , for �xed � E j and �xed w, we obtain

(4.2) ci =

R

 ( u0

w )2� P i dx
R


 ( u0
w )� P i dx

:
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Figure 6. Two-phase APS model. Left to right, top to bottom:
u0 with additive noise and smooth inhomogeneity and extracted
contours after processing; extracted piecewise-constantcomponent
v, extracted smooth componentw; denoised imagev + w. Param-
eters: w0 = mean(u0), � = 1 :5 � 2552 � 10� 2, � 1 = � 2 = 1, � 1 = 60,
� 2 = 1.

4.1. Existence of minimizers for the MPS model. We only consider the
casep = 2, while the casep = 1 is similar. Consider the minimization
(4.3)

inf
( � E 1 ;:::;� E m ;w )

fL MP S
n (� E 1 ; :::; � E m ; w) : � E j 2 f 0; 1g; w 2 H 2(
) ; w � � > 0g:

Theorem 4.1. Let 
 be an open and bounded subset of IR2, with a C1 boundary
@
 . Let also u0 2 L 1 (
) , such that u0(x) � � > 0, for all x 2 
 , and � j > 0,
j = 1 ; :::; m, � i > 0, i = 1 ; :::; n = 2 m and � 1; � 2; � 3 > 0. Then there are functions
� E j 2 BV (
) , � E j (x) 2 f 0; 1g dx-a.e in 
 , and w 2 H 2(
) with w(x) � � > 0 for
all x 2 
 , as solutions of (4.3).
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Figure 7. Two-phase MPC model. Denoising and segmentation
of two images corrupted by multiplicative noise of mean 1. Evo-
lution of contours displayed over the initial noisy image and the
segmented imagev = c1H (� ) + c2H (� � ) of averages over time.

Proof. Consider a minimizing sequence (� E 1;k ; :::; � E m;k ; wk ) of (4.3). We
have for j = 1 ; :::; m, i = 1 ; :::; n, and all k,

Z



jr � E j;k j = j� E j;k jBV (
) � C;

Z



(

u0

ci;k wk
� 1)2� P i;k dx � C;

Z



jwk j2dx � C;

Z



jr wk j2dx � C;

Z



jD 2wk j2 dx � C;

where ci;k =
R


 ( u 0
w k

)2 � P i;k dx
R


 ( u 0
w k

) � P i;k dx
. Notice that ci;k = 0 i� � P i;k = 0 or u0

w i;k
� P i;k = 0.

We have k� E j;k kL 1 (
) � j 
 j, for all j = 1 ; :::; m and all k. By passing to
subsequences if necessary, there exist functions� E j 2 BV (
), j = 1 ; :::; m, and
w 2 H 2(
) such that � E j;k converges to� E j weak* in BV (
) for all j (and strongly
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in L 1(
) and dx� a.e. in 
), and wk * w weakly in H 2(
). We obtain
Z



jr � E j j � lim inf

k !1

Z



jr � E j;k j;

Z



jwj2dx � lim inf

k !1

Z



jwk j2dx

Z



jr wj2dx � lim inf

k !1

Z



jr wk j2dx;

Z



jD 2wj2dx � lim inf

k !1

Z



jD 2wk j2dx:

Based on Remark 2.1, we also have here thatwk ; w are uniformly bounded in
L 1 (
) and in C0(
). Since, up to a subsequence,wk ! w a.e. and wk � � , we
obtain w � � and

(4.4) 0 <
� 3

ku0kL 1 kwk2
L 1

� j ci j �
ku0k2

L 1 kwkL 1

� 3 :

Sinceu0 � � > 0, and wk � � > 0 we have,

(4.5) 0 <
� 3

ku0kL 1 kwk k2
L 1

� j ci;k j �
ku0k2

L 1 kwk kL 1

� 3 :

Again, since wk are uniformly bounded in L 1 (
), we have that the sequence ci;k

is bounded, and that u0
ci;k wk

, u0
ci w 2 L 1 (
). It is easy to show that ci;k ! ci as

k ! 1 . Finally, from the Lebesgue Dominated Convergence theorem, we obtain
Z



(

u0

ci w
� 1)2� P i dx = lim

k !1

Z



(

u0

ci;k wk
� 1)2� P i;k dx;

for i = 1 ; :::; n. Moreover, � E j are characteristic functions of setsE j � 
, and

L MP S
n (� E 1 ; :::; � E m ; w) � lim inf

k !1
L MP S

n (� E 1;k ; :::; � E m;k ; wk ):

�

Remark 4.2. Suppose that in the minimization problem (4.3) we do not impose
w � � > 0. Then, if a minimizer (� E 1 ; :::; � E m ; w) of L MP S

N exists with w > 0 well
de�ned and kwkH 2 (
) > 0, it leads to a contradiction: indeed, if such a minimizer
exists, then for 0< c < 1, by replacingci and w in (4.1) with ci

c and cw respectively,
we haveL MP S

N (� E 1 ; :::; � E m ; cw) < L MP S
N (� E 1 ; :::; � E m ; w), impossible. As c ! 0,

w ! 0 and ci ! 1 . The condition w � � > 0 keeps the bounds forjci j and w.

4.2. A two-phase MPS model. The energy corresponding to the two-phase
model can be written as:

L MP S
2 (c1; c2; �; w ) = �

Z



jr H (� )jdx + � 1

Z



j

u0

c1w
� 1j2H (� )dx(4.6)

+ � 2

Z



j

u0

c2w
� 1j2H (� � )dx + � 1

Z



jwj2dx + � 2

Z



jr wj2dx + � 3

Z



jD 2wj2dx:

Keeping � and w �xed, minimizing L MP C
2 with respect to c1 and c2, we obtain

again explicit expressions for these constants:c1(�; w ) =
R


 ( u 0
w )2 H (� )dx

R

 ( u 0

w )H ( � )dx
; c2(�; w ) =

R

 ( u 0

w )2 H (� � )dx
R


 ( u 0
w )H ( � � )dx

: The Euler-Lagrange equation forw, parameterized in the gradient

descent direction, is

@w
@t

=
� 1u0

c1w2 (
u0

c1w
� 1)H (� ) +

� 2u0

c2w2 (
u0

c2w
� 1)(1 � H (� )) � � 1 + � 24 w � � 34 2w:
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Figure 8. Two-phase MPS model. Left to right, top to bottom:
initial u0 with multiplicative noise of mean 1 and global intensity
inhomogeneity; �nal contour over u0; rescaled version ofv, with
10ci + 100; smooth w + 100; denoised imagev � w.

Replacing H by a more regularH � in (4:6), we obtain an Euler-Lagrange equation
for � , parameterized in the gradient descent direction,

@�
@t

= � � (� )
�
� div

� r �
jr � j

�
� � 1(

u0

c1w
� 1)2 + � 2(

u0

c2w
� 1)2�

:

In Figure 8, we apply the piecewise-smooth multiplicative model from (4.6) to
denoise and segment an image corrupted by multiplicative noise of mean 1 (random
noise de�ned by 1+� , with � a white Gaussian noise of zero mean) and by a smooth
bias �eld.

4.3. A four-phase MPS model. The energy corresponding to the four-
phase model can be written as:

L MP S
4 (c1; c2; c3; c4; � 1; � 2; w) = � 1

R

 jr H (� 1)j + � 2

R

 jr H (� 2)j

+ � 1
R


 j u0
c1 w � 1j2H (� 1)H (� 2)dx + � 2

R

 j u0

c2 w � 1j2H (� 1)H (� � 2)dx

+ � 3
R


 j u0
c3 w � 1j2H (� � 1)H (� 2)dx + � 4

R

 j u0

c4 w � 1j2H (� � 1)H (� � 2)dx

+
R




h
� 1 jwj2 + � 2 jr wj2 + � 3jD 2wj2

i
dx:

5. Conclusions

We have presented in this work curve evolution segmentationmodels applied
to images corrupted by additive or multiplicative noise, and by intensity inhomo-
geneities. Theoretical results of existence of minimizershave been presented. Also,
the two-phase models have been validated by experimental results on synthetic and
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real images. The multi-phase case (more than two constant segments) could have
been considered in practice as well.
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