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Abstract

We proposein this paperminimizationalgorithmsfor imagerestorationusingdual func-
tionalsand dual norms. In order to extract a cleanimageu from a degradedversionf =
K u + n, wheref is theobservation,K is a blurring operatorandn representsadditive noise,
we imposea standardregularizationpenalty�( u) =

R
� (jr uj)dx < 1 on u, where� is

positive, increasingandhasatmostlineargrowth at in�nity . However, on theresidualf � K u
weimposeadualpenalty� � (f � K u) < 1 , insteadof theusualkf � K uk2

L 2 �delity term.In
particular, when� is convex, homogeneousof degreeone,andwith lineargrowth (for instance
the total variation of u), we recover the (B V; B V � ) decompositionof the dataf , as in Y.
Meyer [24]. Practicalminimizationmethodsarepresented,togetherwith experimentalresults
andcomparisonsto illustratethevalidity of theproposedmodels.Moreover, wealsoshow that
by a slight modi�cation of theassociatedEuler-Lagrangeequations,we obtainwell-behaved
approximationsandmuchimprovedresults,bothin qualityandspeed.

1 Intr oduction

Let 
 beanopenandboundedsubsetof R2, with @
 Lipschitz.For two dimensionalimages,
 is
in generalarectanglein theplane.Let usassumethelineardegradationmodelf = K u+ n, where
f ; u : 
 ! R arethedegradedandthecleanunknown imagesrespectively, K : L 2(
) ! L2(
)
is a linearandcontinuousoperator, andn representsadditivenoiseof zeromean.Theproblemof
recovery of the unknown imageu, given f andgiven this degradationmodel,is known to be an
ill-posedproblem.Therefore,regularizationtechniquesasa-priori smoothnesson theunknown u
areusuallyimposedin aminimizationapproach,of theform

inf
u

E(u) = R(u) + �F (f � K u); (1)
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wherethe �rst termactsasa regularizationterm(usuallydependingon spatialderivativesof the
unknown u), F (f � K u) actsasa�delity term,and� � 0 is a tunningparameter. Thebehavior of
functionalsR andF is chosenfunctionof thea-priori smoothnessassumptionson u andfunction
of the statisticsof the noisen. The standardcaseis whenR(u) dependson the gradientr u of
u andon its discontinuitysetSu, andif additive Gaussiannoiseof zeromeanis observed, then
F (u) = kf � K uk2

L 2(
) . ThesecasesincludethePerona-Malikmodel[29] (� = 0), theMumford
andShahmodel for imagesegmentationandpiecewise-smoothregularization,the modelsof D.
Geman,S. Gemanandcollaborators[12], [13], [14], [15] in the non-convex regularization,the
total variation minimization of Rudin, Osherand Fatemi [30], [31]. Other relatedmodelsand
analysisin variationalapproachare by Acar-Vogel [2], A. Chambolle-P.L. Lions [10], Aubert-
Vese[5], Vese[32]. In thePDEapproach,we mentionagainthePerona-Malikequation[29], as
well astheanisotropicsmoothing[9], [3].

Morerecently, D. Mumford- B. Gidas[26] andY. Meyer[24] advocatedtheuseof generalized
functionsasdistributionsin dual spacesfor modelling imageswith oscillations,suchasnatural
images,noise,texture,oscillatorypatterns;thusproposingspacessuchasH � s(
) [26] andspaces
thatapproximatethe dualBV � (
) of the spaceBV(
) [24]. Suchoscillatoryimagesarebetter
modeledif weaker (dual)normsareconsideredaspenaltyor assumption,insteadof thek � k2

L 2(
)
�delity penalty.

Here,wefollow theapproachsuggestedbyY. Meyerof usingdualityto obtainweakernormsto
representtheoscillatorycomponentv = f � K u. WhenanalyzingtheRudin-Osher-Fatemimodel
[30] in thebookmanuscriptsby Y. Meyer[24] andAndreu-Vaillo, CasellesandMazón[1], thedual
functional� � (v) of thetotal variation�( u) = jDuj(
) alreadyappearsin thecharacterizationof
minimizers.Weproposein thispaperminimizationmodelsof theform

inf
u

�( u) + � � � (f � K u):

Wewill considerin particularthepenaltyu 2 BV(
) , ormoregenerallyof theform� (jDuj)(
) <
1 , with � convex andof lineargrowth (� (t) = jtj, � (t) =

p
1 + t2, � (t) = logcosh(jtj)), aswell

asnon-convex potentials. In the convex casetheseincludethe total variationminimizationpro-
posedby L. Rudin,S. Osher, andE. Fatemi[30]. Relatedrecentwork is proposedby J.-F. Aujol
and A. Chambolle[6], and by S. Levine [20], wherethe authorsusethe duality given by the
Legendre-Fencheltransformto solve cartoonandtexture decompositionmodels. However, our
approachproposedhereis different.

In Vese-Osher[33], [34], Osher-Sole-Vese[28], Aujol andcollaborators[7], [8], approxima-
tionsto the(BV; BV � ) modelof Y. Meyerhavebeenpreviously proposed.

Theuseof thedualnormof the total variationhasalsoappeared,independentlyandcontem-
poraneously, in S.Kindermann,S.Osher, andJ.Xu'swork [17] in adifferentframework.

In the context of modelingoscillatorycomponentsby generalizedfunctions,we refer to Y.
Meyer [24], D. MumfordandB. Gidas[26], andto [33], [34], [28]. Recently, in Le-Vese[19], the
authorsproposepracticalmethodsfor solving approximationsto Y. Meyer's (BV; div(BM O))
decompositionmodel,while in Lieu-Vese[21], theauthorsgeneralizethemodels[33], [34], [28],
by proposinga (BV; H � s) decompositionmodelandtheoreticalresultsbasedonduality.
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For morepropertiesandnotationsregardingcharacterizationof minimizersby duality for the
Rudin-Osher-Fatemimodel,we referto [24] and[1].

2 Description of the modeland properties

Let E bea normedspace,andlet E � beits dualspace.Let � : E ! [0; 1 ] beany function. Let
usde�ne � � : E � ! [0; 1 ], by

� � (v) = sup
n < v; u >

�( u)
: u 2 Eg;

with theconventionthat 0
0 = 0, 0

1 = 0. Here,< v; u > = v(u) denotesthedualitypairing.
Note that � � (v) � 0, for any v 2 E � . Notealsothat the supremumis attainedon the setof

u 2 E suchthat< v; u > � 0. Notealsothatwehave thefollowing Cauchy-Schwartzinequality

< v; u > � � � (v)�( u) if �( u) > 0:

We areinterestedin imagedecompositionmodelsof theform

inf
n

�( u) + � � � (v); u 2 E; v 2 E � ; f = u + v
o

(2)

wheref 2 E � is agivendata.Thecomponentu modelsthecartoonpartof f , while thecomponent
v modelstherough,oscillatory, or noisepartof f . We will choose� sothat if �( u) < 1 , thenu
is apiecewise-smoothfunction,with homogeneousregionsandsharpboundaries.

We �rst recall the de�nition of the spaceof functionsof boundedvariation: a function u 2
L1(
) hasboundedvariationin 
 if

Z



jDuj := sup

n Z



udiv�dx : � 2 C1

c (
 ; R2); j� j � 1
o

< 1 :

We write u 2 BV(
) to denotethespaceof functionsof boundedvariation,and
R


 jDuj is called
thetotal variationof u, sometimesdenotedby

R

 jr uj.

We alsorecallthePoincaŕe-Wirtinger inequality:in two dimensions,for u 2 BV(
) ,

ku � u
 kL 2 (
) � C
Z



jDuj;

whereu
 =
R


 u(x)dx
j
 j denotesthemeanof u in 
 .

Let usconsidertheparticularcaseE = L 2(
) , E � = E = L2(
) , < v; u > =
R


 uvdx, for
u; v 2 L2(
) , and

�( u) =
� R


 jDuj if u 2 BV(
) ;
+ 1 if u 2 L2(
) n BV(
) :

(3)

Let

X = f v 2 L2(
) :
Z



v(x)dx = 0g:
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For v 2 X , de�ne

kvk� := � � (v) = sup
w2 B V (
) ;jwjB V (
) 6=0

R

 vwdx

jwjB V (
)
= sup

w2 B V (
) ;jwjB V (
) 6=0

j
R


 vwdxj
jwjB V (
)

; (4)

wherejwjB V (
) = jDwj(
) is the total variation of w 2 BV(
) , and j � jB V (
) thus de�ned
becomesa semi-normon BV(
) , thatvanishesfor constantfunctions.

Note that if jwjB V (
) 6= 0 andv 2 X , then j
R


 vwdxj
jwjB V (
)

= j
R


 v(w+ c)dxj
jw+ cjB V (
)

, for any real constant

c. Therefore,the supremumin the de�nition of kvk� canbe computedover the quotientspace
BV(
) =P0(
) = BV(
) (i.e. functions in BV(
) that are different only by a constantare
identi�ed). On BV(
) , j � jB V (
) becomesa norm. For any function w 2 L 2(
) , denoteby

w
 :=
R


 w(x)dx
j
 j themeanof w on 
 .

Note alsothat, if v 2 L 2(
) andkvk� < 1 , thenv 2 X , in otherwordsv haszeromean.
Indeed,for suchv, takeany w 2 BV(
) with jwjB V (
) 6= 0. Thenfor any constantc,

R

 v(w + c)dx
jw + cjB V (
)

=

R

 v(w + c)dx

jwjB V (
)
=

R

 vwdx + c

R

 vdx

jwjB V (
)
� kvk� < 1 ;

andthiscanhold if andonly if
R


 v(x)dx = 0, thereforev 2 X .
To any v 2 X , we canassociatea linear functionalFv : BV(
) ! R de�ned by Fv(w) =R


 vwdx. If v 2 X , then

jFv(w)j = j
Z



vwdxj = j

Z



v(w � w
 )dxj � kvkL 2(
) kw � w
 kL 2(
)

� CkvkL 2(
) jwjB V (
) = C0jwjB V (
) ;

usingCauchy-SchwarzandPoincaŕe inequalities(hereC is a �nite constantdependingonly on 

andC0 = CkvkL 2(
) ). Therefore,kvk� < 1 for any v 2 X , andits correspondingfunctionalFv

is linearandbounded(thereforecontinuous)onBV(
) , i.e. Fv 2 BV� (
) , thedualof (BV(
) ; j �
jB V (
) ). Notethatnot all elementsof BV� (
) canbeexpressedin this way (seeT. De Pauw[18]
for acharacterizationof thedualof SBV(
) , of specialfunctionsof boundedvariation).

Finally, for any v 2 X , we have kvk� < 1 . ThenjFv(w)j � kvk� jwjBV(
) , for any w 2
BV(
) = BV(
) =P0(
) , andkFvkBV � (
) = kvk� , andkvk� is anorm,for v 2 X .

It is shown in [1] that

� � (v) = inf fk ~gk1 : ~g 2
�

L1 (
)
� 2

; div~g 2 L2(
) ; v = � div(~g) in D0(
) ; [~g; � ] = 0g;

where� denotestheoutwardunit normalto @
 and[g; � ] is thetraceof thenormalcomponentof
g.

Let G = (W 1;1(
) =P0)� (this spacecanbe identi�ed with (W 1;1
0 (
)) � ). Basedon theabove

remarksandon [24], [4], the spaces(X ; kvk� ) and(G \ X ; kvkG) have the sameelements,and
kvk� = kvkG.
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Let f : 
 ! R bea givenimage.Sinceat every pixel thelight intensityhas�nite energy, we
canassumethat f 2 L 1 (
) � L2(
) since
 is bounded.Therefore,it is not too restrictive to
assumethat f 2 L 2(
) . We areinterestedin decomposingf into u + v, with u 2 BV(
) and
v := f � u 2 X . The�rst termu correspondsto a cartooncomponent,while v correspondsto an
additiveoscillatorycomponentof zeromean(suchasadditivenoiseor texture).

Oneof theminimizationmodelthatwewould like to solve is, givenf 2 L 2(
) ,

inf f E(u; v) = jujB V (
) + � kvk� ; f = u + v; u 2 BV(
) ; v 2 X g;

which is equivalentwith

inf
u2 B V (
)

E(u) = jujB V (
) + � kf � uk� ; (5)

or againwith (2) with � givenby (3).
Notethat,asmentionedearlierin thegeneralcase,wehave

kvk� = sup
w2 B V (
) ;jwjB V (
) 6=0

j
R

vwdxj
jwjB V (
)

= sup
w2 B V (
) ;jwjB V (
) 6=0

R
vwdx

jwjB V (
)
;

sincewecanalwayschangew into � w.

Remark: Wecanassumewithout lossof generalitythatthedataf 2 L 2(
) andalsothatf has
zeromean,or

R

 f (x)dx = 0. Thenf 2 X andkf k� < 1 . Therefore,if we takeu(x) = 0 for all

x 2 
 in (5), thenE(u) = � kf k� < 1 . Thisshows thatthefunctionalin (5) hasa �nite in�mum.
Moreover, thefunctional� � (v) = kvk� de�ned in (4) for v 2 X is convex, lower-semicontinuous
andpositivehomogeneousof degreeone[1].

We canshow existenceof minimizersfor the problem(5). Indeed,let un be a minimizing
sequence,with E(un) � E(0) < 1 . Thereforeun 2 BV(
) 2 L2(
) satis�esjun jB V (
) � C,
for any n � 0. Also, kf � unk� � C < 1 . This implies that f � un 2 X , i.e. f � un has
zeromean.UsingPoincaŕe inequality, we deducethatun is uniformly boundedin BV(
) andin
L2(
) . We thenobtainthatthereis asubsequence,still denotedby un , andu 2 BV(
) , suchthat
un convergesto u stronglyin L 1(
) , weeklyin L 2(
) andweeklyin BV � w� (
) . In conclusion,
by thelowersemi-continuityof j � jB V (
) andk � k� , wededucethat

E(u) � lim inf
n!1

E(un ) = inf
w2 B V (
)

E(w);

in other words existenceof minimizers. It is posisbleto show that there is no uniquenessof
minimizersfor thismodel(Y. Meyer [25]).

(BV; BV � ) minimization algorithm In the following formal calculationsof Euler-Lagrange
equationsandin practice,we will usethe notationjujB V (
) =

R

 jr ujdx for the total variation

of u.
� Startwith u0.
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� For integersn � 0, if un is known or previouslycomputed,estimatewn by themaximization
process:

kf � unk� � sup
w2 B V (
) ;jwjB V (
) 6=0

R
(f � un)wdx

Rp
� 2 + jr wj2dx

:

In thesupcalculationwith regularizationof TV, jwjB V will never becomezero,becauseif it
becomeszero,thenw mustbeaconstantfunction,whichwill makethequantity

R
vwdx

Rp
� 2+ jr wj2dx

= 0,

thereforecannotbethesup,unlessf � u = 0 everywhere.
TheassociatedPDEin w = wn , to obtainwn , formally is

0 =
f � un

R



p
� 2 + jr wj2dx

+

R

 (f � un)wdx

(
R




p
� 2 + jr wj2dx)2

div
� r w

jr wj

�
; (6)

or

0 = (f � un ) +

R

 (f � un )wdx

R



p
� 2 + jr wj2dx

div
� r w

jr wj

�
; (7)

with associatednaturalboundarycondition @w
@~n = 0 on@
 .

� Oncewn is computed,thenwe computeun+1 by minimizing with respectto u = un+1 the
energy

E(u) =
Z



jr ujdx + �

R
(f � u)wndx
jwn jB V (
)

;

thatformally givestheassociatedEuler-Lagrangeequationin u = un+1 :

0 =
�w

jwjB V (
)
+ div

� r u
jr uj

�
; (8)

or

0 = w +
jwjB V (
)

�
div

� r u
jr uj

�
; (9)

with @u
@~n = 0 on@
 .

Remark: Integrating(7) in space,weobtainthat
R


 (f � un )dx = 0.

In atime-dependentapproach,themainalgorithmis summarizedasfollows: startwith (u0; w0) =
(u(0; x); w(0; x)) , andsolvefor t > 0

@w
@t

= f � u +

R

 (f � u)wdx

R



p
� 2 + jr wj2dx

div
� r w

jr wj

�
; (10)

@u
@t

= w +
jwjB V (
)

�
div

� r u
jr uj

�
: (11)

Note that for a �x edu = un , in themaximizationprocessin w, if we startwith w0 suchthatR

 (f � u)w0dx � 0, then

R

 (f � u)wdx � 0 becausewe increasetheenergy in w with theright

choiceof 4 t (in the supremumformula) at any step. If this is a problem,thenwe cankeepthe
absolutevaluein thede�nition of thesupremum,to avoid numericalinstability.
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Deblurring model Notethat theabove model(5) canalsobeappliedto imagedeblurring.Let
K : L2(
) ! L2(
) be a linear and continuousoperator(sometimes,we have to assumein
additionthatK doesnot anihilateconstants).If we assumethedegradationmodelf = K u + n,
whereK denotesa blurring operatorandn denotesadditivenoiseof zeromean,thenwe propose
thefollowing restorationmodel:

inf
u2 B V (
)

E(u) = jujB V (
) + � kf � K uk� ; (12)

or
inf

u2 B V (
)
E(u) = �( u) + � � � (f � K u); (13)

with � de�ned in (3). We apply thesamestepsin theminimizationalgorithmasbefore,andthe
associatedtime-dependentEuler-Lagrangeequationsformally are:

@w
@t

=
f � K u

R



p
� 2 + jr wj2dx

+

R

 (f � K u)wdx

(
R




p
� 2 + jr wj2dx)2

div
� r w

jr wj

�
; (14)

@u
@t

=
�K � w

jwjB V (
)
+ div

� r u
jr uj

�
; (15)

whereK � denotestheadjointoperatorof K . Notethathere,weno longerhave to invertK � K u as
it is obtainedwhenthe�delity termis kf � K uk2

L 2(
) .

General (� ; � � ) decompositionmodel Similarly, considera generaldecompositionmodelof
theform (2), or

inf
u

n Z



� (jr uj) dx + � sup

w;
R


 � (jr wj)6=0

R

 (f � u)w dx

R

 � (jr wj) dx

o
: (16)

We assumethat� is a differentiable,increasingfunctionon [0; 1 ), possiblynon-convex, with
at mostlineargrowth at in�nity , andsatisfying� (0) > 0 againto avoid division by zero. In the
convex case,� (jDuj) is well de�ned for u 2 BV(
) , convex and lower semi-continuous,asa
convex functionof measures(seeDemengel-Temam[11]). In thenon-convex case,we work with
u 2 W 1;1(
) � BV(
) � L 2(
) andthedistributionalgradientr u, asa functionin (L 1(
)) 2.

In thesameway, to minimizethis functional,we solve anevolutionarycoupledsystemin the
unknownsu; w asfollows:

@w
@t

= f � u +

R

 (f � u)wdx

R

 � (jr wj)dx

div
�

� 0(jr wj)
r w
jr wj

�
; (17)

@u
@t

= w +
jwjB V (
)

�
div

�
� 0(jr uj)

r u
jr uj

�
: (18)

In our experimentalresultsfor imagedenoising,imagedeblurringand cartoonand texture
separation,wehaveappliedtheabove introducedmodels.Wehavealsoconsideredthecasewhen
� is not convex. Moreover, with a minor modi�cation of the gradientdescent,our nonlinear
evolution PDE's in theunknown u arenumericallybetterbehaved,giving fasterconvergenceand
improvedresults.Thesearepresentedin thenext section.
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3 Experimental results

3.1 (BV; BV � ) imagedenoisingand decompositionresults

In practice,to solve(5) for the(BV; BV � ) model,weusethetimedependentequationsfor gradient
ascentin w andgradientdescentin u, asgiven in (10)-(11). Moreover, insteadof (11), we also
consideranothergradientdescendingmethod(seealsoA. MarquinaandS.Osher[22], [23])

@u
@t

= h�;p (jr uj)
� R


 jr wj dx
�

div
�

r u
jr uj

�
+ w

�
; (19)

whereh�;p (jtj) > 0 andsatis�es

h�;p (jtj) =

(
� if jt j � �;

jt jp if jt j < �; for somep � 1:
(20)

This modi�cation makesthedivergenceoperatornumericallybetterbehavedwhenjr uj = 0, and
alsogivesfasterconvergenceandmuchimprovedresults.

We will comparethis (BV; BV � ) modelandits modi�cation with theROF model,

inf
u2 B V (
)

F (u) =
Z



jr uj dx + �

Z



jf � uj2 dx: (21)

A minimizerof (21)satis�estheEuler-Lagrangeequation,

0 = div
�

r u
jr uj

�
+ � (f � u): (22)

To solvetheabovestationaryequation,wealsoconsidertwo gradientdescendingmethods,

@u
@t

=
1
�

div
�

r u
jr uj

�
+ (f � u); (23)

@u
@t

= h�;p (jr uj)
�

1
�

div
�

r u
jr uj

�
+ (f � u)

�
: (24)

We useexplicit centralschemesfor all the partial differentialequations,with the divergence
operatorin expandedform:

div
�

r u
jr uj

�
=

uxx u2
y � 2uxy uxuy + uyyu2

x

(u2
x + u2

y)3=2
: (25)

Ournumericalcomputationsuse� x = � y = 1, and� t = 0:001. For thecomputationswhich
involveh�;p (t), weuse� = 0:5, andp = 1.

We summarizeagainthemainstepsof thealgorithm:

1. Startwith initial guessesfor u0 = f , andw0, suchthat
R


 jr w0j 6= 0.
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2. Givenun , andwn , we thencomputewn+1 usingequation(10) for 10 iterations.

3. With un , andwn+1 known, we thencomputeun+1 with method(11)or (19).

4. Repeatstep2 � 3 until M ax I ter is reached.

In all of ournumericalcomputations,M ax I ter = 1000. In each�gure, �w denotestherescal-
ing of w to bein therange[0; 255].

Let �u bethetrueimageof sizeN � M , andu betherecoveredimage.To quantifyhow good
therecoveredimageis, andto choosetheparameter� , weusetherootmeansquareerror

rmse =

q P
i;j j �ui;j � ui;j j2

N M
:

Thefollowing experimentalresultsandcomparisonsshow improvementover theROF model.
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Figure1: Dataimages.
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Figure2: Dataimages.

11



u f � u+100

u f � u+100

�w

Figure3: Top: ROF using(23) with � = 2:04, rmse = 0:01020834. Bottom: (BV; BV � ) using
(10)and(11)with � = 1900, rmse = 0:009918792.
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u f � u+100

u f � u+100

�w

Figure4: Top: ROF using(23) with � = 7:92, rmse = 0:0645842. Bottom: (BV; BV � ) using
(10)and(11)with � = 5000, rmse = 0:06406284.
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u f � u+100

�w

Figure5: (BV; BV � ) using(10)and(11)with � = 2500.
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u f � u+100

u f � u+100

�w

Figure6: Top: ROF using(23) with � = 63:75. Bottom: (BV; BV � ) using(10) and(11) with
� = 2000.
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u f � u+100

u f � u+100

�w

Figure7: Top: ROF using(24) with � = 3:825, rmse = 0:0058781. Bottom: (BV; BV � ) using
(10)and(19)with � = 150, rmse = 0:005767196.
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u f � u+100

u f � u+100

�w

Figure8: Top: ROF using(24) with � = 4:95, rmse = 0:05776094. Bottom: (BV; BV � ) using
(10)and(19)with � = 50, rmse = 0:05681891.
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u f � u+100

�w

Figure9: (BV; BV � ) using(10)and(19)with � = 1500.
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u f � u+100

u f � u+100

�w

Figure10: Top: ROF using(24) with � = 17:85. Bottom: (BV; BV � ) using(10) and(19) with
� = 1400.
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3.2 Non-convexPotential � in a dual decomposition

Similarly, thedecompositionmodel(16),with � (t) non-convex function,canbeminimizedby the
algorithmgiven in (17)-(18). Herewe will considertwo choices(see[12], [13], [14], [15] for
non-convex regularizations):

� (t) = jtjp; 0 < p < 1; (26)

and

� (t) =
jtjq

1 + � jtjq
; 0 < � < 1; q � 1: (27)

Throughout our numericalcomputations,we usep = 0:75 in (26) and� = 0:001andq = 2 in
(27). The following experimentalresultswith a non-convex potentialareagainmuchimproved
over theROF model,andwe no longersee“geometry”in thev component,bothin thedenoising
anddecompositionresults.
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u f � u+100

�w

Figure11: using(26),rmse = 0:00746253, � = 10.
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u f � u+100

�w

Figure12: using(26), rmse = 0:05111486, � = 8.
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u f � u+100

�w

Figure13: using(26), rmse = 0:02197276, � = 110.
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u f � u+100

�w

Figure14: using(26), rmse = 0:04416518, � = 100.
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u f � u+100

�w

Figure15: using(26), rmse = 0:04296311, � = 120.
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u f � u+100

�w

Figure16: using(27),rmse = 007092052, � = 1.
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u f � u+100

�w

Figure17: using(27), rmse = 0:04810694, � = 0:4.
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u f � u+100

�w

Figure18: using(27), rmse = 0:02260758, � = 5.
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u f � u+100

�w

Figure19: using(27), rmse = 0:04596249, � = 7.
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u f � u+100

�w

Figure20: using(27), rmse = 0:04297547, � = 9.
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3.3 Imagedeblurring

We applyherethedeblurringmodelproposedin (12), andsolvedusingthecoupledsystem(14)-
(15). Theblur operatorK u is givenby aconvolutionwith a5 � 5 blurringmaskor kernelk of the
form:

1
273

�

1 4 7 4 1
4 16 26 16 4
7 26 41 26 7
4 16 26 16 4
1 4 7 4 1

Theequationin u from (14) is discretizedusinga semi-implicitscheme,asin [5], [32], while
thediscretizationof theequationin w from (15) is doneusinga fully explicit scheme.We run 30
iterationsin w, for everyiterationin u. Wealsohave4 x = 4 y = 1. TheRMSE(rootmeansquare

error) de�ned by RM SE =

� p P
i;j (cleani;j � r ecoveredi;j )2

�

M N is beingusedto measurethequality of
therestoration,andto �nd theoptimalparameter� .

Below we give thenumberof iterationsandRMSEfor our results,andcomparisonswith the
Rudin-Oshermodel[31], for syntheticandrealdata.Theresultsobtainedusingthenew modelare
verysimilar with thoseobtainedusingtheRudin-Oshermodel.Wealsoshow the�nal w obtained
asaby-productof thealgorithm.

I. For resultsin Figure21 (deblurringthesyntheticimage):

(i) Data:RMSE= 0.0812219

(ii) RO: 6000iterations,RMSE= 0.03262219,� = 13.5

(iii) (BV,BV*) : 1000iterations,RMSE= 0.03408236,� = 24,000

II. For resultsin Figure22 (denoisinganddeblurring):

(i) Data:RMSE= 0.105052

(ii) RO : 6000iterations,RMSE= 0.0573248,� = 0.4

(iii) (BV,BV*) : 6000iterations,RMSE= 0.06060835,� = 10,000

III. For resultsin Figure23 (deblurringtheof�ce image)

(i) Data:RMSE= 0.111223

(ii) RO : 3000iterations,RMSE= 0.04248943,� = 60

(iii) (BV,BV*) : 6000iterations,RMSE= 0.04450807,� = 250,000
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uRO u w

Figure21: A syntheticimage,theblurringkernelrepresentedasanimage,andtheblurredversion
of the syntheticimage(top). Deblurringwith RO (middle). Deblurringwith (BV,BV*)-model
(bottom).
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uRO vRO +100

u v+100 w

Figure22: A syntheticimageandits noisy-blurredversion(top). ReconstructionusingRO (mid-
dle). Reconstructionusing(BV,BV*)-model (bottom).
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uRO

u w

Figure23: Original imageof anof�ce anda blurry version(top). Deblurringwith RO (middle).
Deblurringwith (BV,BV*)-model (bottom).
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