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Abstract

We proposein this paperminimizationalgorithmsfor imagerestorationusingdual func-
tionalsand dual norms. In orderto extracta cleanimageu from a degradedversionf =
Ku+ n, wheref istheobsenration,K is ablurring opgratorandn representadditive noise,
we imposea standardregularizationpenalty ( u) = (jr updx < 1 onu, where is
positive, increasingandhasat mostlineargrowth atin nity . However, ontheresidualf K u
weimposeadualpenalty (f Ku) < 1 ,insteadof theusualkf Kukf2 delity term.In
particularwhen is corvex, homogeneousf degreeone,andwith lineargrowth (for instance
the total variation of u), we recover the (BV; BV ) decompositiorof the dataf , asin Y.
Meyer [24]. Practicalminimizationmethodsarepresentedtogethemwith experimentakesults
andcomparisonso illustratethevalidity of the proposednodels.Moreover, we alsoshaw that
by a slight modi cation of the associatedtulerLagrangeequationswe obtainwell-behaed
approximation@ndmuchimprovedresults bothin quality andspeed.

1 Intr oduction

Let beanopenandboundedsubsebf R?, with @ Lipschitz. For two dimensionalmages, is
in generakrectanglan theplane.Let usassumeéhelineardegradatiormodelf = Ku+ n, where
f;u: | R arethedegradedandthecleanunknovnimagesrespectiely, K : L2() ! L?()
is alinearandcontinuousoperatoyandn representadditive noiseof zeromean.The problemof
recovery of the unknovn imageu, givenf andgiventhis degradationmodel,is known to be an
ill-posedproblem. Therefore regularizationtechniquessa-priori smoothnessn the unknavn u
areusuallyimposedn a minimizationapproachef theform

irl]fE(u) =R(u+ F (f Ku); (1)
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wherethe rst termactsasa regularizationterm (usuallydependingon spatialderivativesof the
unknovnu), F(f Ku) actsasa delity term,and Ois atunningparameterThebehaior of
functionalsR andF is choserfunction of thea-priorismoothnesassumptionsn u andfunction
of the statisticsof the noisen. The standardcaseis whenR(u) dependson the gradientr u of
u andon its discontinuitysetS,, andif additive Gaussiamoiseof zeromeanis obsened, then
F(u) = kf Kukfz() . Thesecasesncludethe Perona-Malikmodel[29] ( = 0), the Mumford
and Shahmodelfor image segmentationand piecavise-smoothregularization,the modelsof D.
Geman,S. Gemanandcollaboratorg12], [13], [14], [15] in the non-covex regularization,the
total variation minimization of Rudin, Osherand Fatemi[30], [31]. Otherrelatedmodelsand
analysisin variationalapproachare by Acar-Vogel [2], A. Chambolle-R.. Lions [10], Aubert-
Vese[5], Vese[32]. In the PDE approachwe mentionagainthe Perona-Malikequation[29], as
well asthe anisotropicsmoothing9], [3].

Morerecently D. Mumford- B. Gidas[26] andY. Meyer[24] adwcatedheuseof generalized
functionsasdistributionsin dual spacedor modellingimageswith oscillations,suchas natural
imageshnoise texture,oscillatorypatternsthusproposingspacesuchasH 3() [26] andspaces
thatapproximatehedualBV () of thespaceBV () [24]. Suchoscillatoryimagesare better
modeledf wealer (dual) normsareconsideredispenaltyor assumptioninsteadof the k kfz()
delity penalty

Here,wefollow theapproactsuggestetdy Y. Meyerof usingdualityto obtainwealer normsto
representheoscillatorycomponent = f K u. Whenanalyzingthe Rudin-OsheiFatemimodel
[30] in thebookmanuscriptdy Y. Meyer[24] andAndreu-\aillo, CaselleandMazon[1], thedual
functional (v) of thetotal variation ( u) = jDuj() alreadyappearsn the characterizatiomf
minimizers.We proposein this papeminimizationmodelsof theform

irl]f (u)+ (f Ku):

Wewill consideiin particularthepenaltyu 2 BV () ,ormcHegenerallwftheform (GDup() <
1 ,with corvex andof lineargrowth ( (t) = jtj, (t)= 1+ t2, (t) = logcosH(jtj)), aswell
asnon-corvex potentials. In the corvex casetheseincludethe total variationminimization pro-
posedby L. Rudin, S. Osher andE. Fatemi[30]. Relatedrecentwork is proposeddy J.-F Aujol
and A. Chambolle[6], and by S. Levine [20], wherethe authorsusethe duality given by the
Legendre-Fenchdatansformto solve cartoonand texture decompositiormodels. However, our
approaclproposecdhereis different.

In Vese-Oshef33], [34], OsherSole-\ese[28], Aujol andcollaboratord7], [8], approxima-
tionstothe(BV; BV ) modelof Y. Meyerhave beenpreviously proposed.

The useof the dualnorm of the total variationhasalsoappearedindependentiandcontem-
poraneouslyin S.KindermannS. OsherandJ. Xu'swork [17] in adifferentframavork.

In the context of modelingoscillatory componentdy generalizedunctions,we referto Y.
Meyer [24], D. Mumford andB. Gidas[26], andto [33], [34], [28]. Recentlyin Le-Vese[19], the
authorsproposepracticalmethodsfor solving approximationgo Y. Meyer's (B V; div(BM O))
decompositioomodel,while in Lieu-Vese[21], theauthorsgeneralizéhe models[33], [34], [28],
by proposinga (B V;H °) decompositiomodelandtheoreticakesultsbasedon duality.



For morepropertiesandnotationsregardingcharacterizatiof minimizersby duality for the
Rudin-OshetFatemimodel,we referto [24] and[1].

2 Description of the modeland properties

Let E beanormedspaceandlet E beits dualspacelet :E ! [0;1 ]beary function. Let
usdene :E ! [0;1], by
n

<vu>
V) = su ! ru2Egqg;
()=sup —F s g

with thecorventionthat? = 0, 2 = 0. Here,< v;u >= v(u) denotegheduality pairing.

Notethat (v) O, forarnyv 2 E . Notealsothatthe supremunis attainedon the setof
u 2 E suchthat< v;u> 0. Notealsothatwe have thefollowing Cauchy-Schwartzinequality

< v;u> (V)(u if (u)>0:

We areinterestedn imagedecompositionrmodelsof theform
n 0
inf (u)+ (V);U2E;v2E ;f=u+v (2)

wheref 2 E isagivendata.Thecomponenti modelsthecartoonpartof f , while thecomponent
v modelstherough,oscillatory or noisepartof f . We will choose sothatif ( u) < 1 ,thenu
is a piecavise-smootHunction,with homogeneousegionsandsharpboundaries.
We rst recallthe de nition of the spaceof functionsof boundedvariation: a functionu 2
L1() hasboundedvariationin if
Z n< 0
jDuj := sup udivdx : 2CX ;R?¥;jj 1 <1:

R
Wewriteu 2 BV () to denotethe spaceof fygctionsof boundedvariation,and  jDuj is called
thetotal variationof u, sometimeslenotedoy  jr uj.
We alsorecallthe Poincaé-Wirtinger inequality: in two dimensionsforu 2 BV()
Z

ku u ke, C jDuj

R
u(x)dx

whereu = denoteghemeanof u in R
Let us considerthe particularcaseE = L?() ,E = E = L?() ,< v;u>=  uvdx, for
u;v2 L?() ,and R
(u)= +1JDi1HJqu2uL22(I§Vr$I)3\’/() : (3)
Let Z
X =fv2L%) : v(x)dx = 0g:



Forv 2 X, dene

R q R dyi

vwdx vwdx

kvk = (v) = sup — = sup 171
w2BV() iiwjsv(, 60 JWIBV() w2BV() ;iwjsv() 80 JWIBV()

(4)

wherejwjgy() = jDwj() is thetotal variationof w 2 BV () , andj jgy() thusde ned
becomessemi-normonBV () , thatvanishedor gonstanfungtions.

Note thatif jwjgy(, 6 Oandv 2 X, then! W& _ 1 VW9 ‘g, 9y real constant

iwisv () jw+dcgv ()
c. Therefore,the supremumin the de nition of kvk canbe computedover the quotientspace
BV() =Py() = BV() (i.e. functionsin BV () that are differentonly by a constantare
identied). OnBV() ,] jesv() becomesanorm. For ary functionw 2 L2() , denoteby

w = eI h e meanof w on

Note alsothat,if v 2 L?() andkvk < 1 ,thenv 2 X, in otherwordsv haszeromean.
Indeed for suchv, takeary w 2 BV() with jwjgy(y 6 0. Thenfor ary constant,

R R R
viw+cdx  v(w+cdx  vwdx+c vdx

. . — — kvk < 1 ;
W+ Qgv() IWlBV () IWIBV ()
R
andthiscanholdif andonlyif  v(x)dx = O, thereforev 2 X.
R Toaryv 2 X, we canassociate linearfunctionalF, : BV() ! R denedbyF,(w) =
vwdx. If v 2 X, then
Z Z

JFvwW)j =] vwdxj=j v(w w)dxj kvkzy kw w Kz
Ckvkiz(y jWjsv() = CiWjgv() ;

usingCauchy-Schwarz andPoincaé inequalities(hereC is a nite constantlependingonly on
andC®= Ckvk, z(y ). Thereforekvk < 1 forary v 2 X, andits correspondingunctional F,
is linearandboundedthereforecontinuouspnBV() ,i.e.F, 2 BV () ,thedualof (BV() ;]
jsv() ). Notethatnotall elementf BV () canbeexpressedn thisway (seeT. De Pauw[18]
for acharacterizationf thedualof SBV () , of speciafunctionsof boundedvariation).

Finally, forany v 2 X, we have kvk < 1 . ThenjF,(w)]  kvk jwjgy() , for ary w 2
BV() = BV() =Py() ,andkF,kgy (y = kvk , andkvk isanorm,forv2 X.

It is shavnin [1] that

(v) = inffkeky : g2 L'() dvg2L%);v= dv(g)inDY) ;g 1= Og

where denotegheoutwardunit normalto @ and[g; ] is thetraceof the normalcomponenbf
g.

LetG = (WLL() =R,) (this spacecanbeidenti ed with (W,*()) ). Basedontheabove
remarksandon [24], [4], thespacegX;kvk ) and(G\ X;kvkg) have the sameelementsand
kvk = kvkg.



Letf : ! R beagivenimage.Sinceatevery pixel thelight intensityhas nite enegy, we
canassumehatf 2 L () L2() since is bounded.Thereforejt is nottoo restrictive to
assumehatf 2 L2() . We areinterestedn decomposing intou + v, with u 2 BV() and
v:=f u2 X.The rst termu correspond$o a cartooncomponentywhile v correspond$o an
additive oscillatorycomponentf zeromean(suchasadditive noiseor texture).

Oneof the minimizationmodelthatwe would like to solveis, givenf 2 L?() ,

inffE(u;V) = jujsv(y + kvk;f =u+v;u2BV();Vv2Xg;
whichis equivalentwith

ulery‘() E(u) = juisvy + ki uk; (5)

or againwith (2) with  givenby (3).
Notethat,asmentionecearlierin thegenerakase we have
B dxj R d
kvk = sup w = sup Vwox .

w2BV () jwjsy(, 60 JWiBV() W2BV() jwigy(, 60 JWiBV()

sincewe canalwayschangew into  w.

Remark: We canassumavithoutlossof generalitythatthedataf 2 L?() andalsothatf has
zeromeanor f(x)dx = 0. Thenf 2 X andkf k < 1 . Thereforejf wetake u(x) = Ofor all
x 2 in(5),thenE(u) = kfk < 1 .Thisshavsthatthefunctionalin (5) hasa nite in mum.
Moreover, thefunctional (v) = kvk de nedin (4) forv 2 X is corvex, lowersemicontinuous
andpositive homogeneousf degreeone[1].

We canshawv existenceof minimizersfor the problem(5). Indeed,let u, be a minimizing
sequencewith E(u,) E(0) < 1. Thereforeu, 2 BV() 2 L?() satisesSjunjsv() C,
foranyn 0. Also, kf  upk C < 1. Thisimpliesthatf u, 2 X,i.e. f u, has
zeromean.Using Poincaé inequality we deducethatu,, is uniformly boundedn BV () andin
L2() . Wethenobtainthatthereis asubsequencstill denotedoy u,,, andu 2 BV() , suchthat
u, convergesto u stronglyin L() , weeklyin L?() andweeklyinBV w () . In conclusion,
by thelower semi-continuityof ] jgv() andk k , wededucehat

Eu liminfE(u)) = inf  E(w);
n'l w2BV ()

in other words existenceof minimizers. It is posisbleto shav that thereis no uniquenesof
minimizersfor this model(Y. Meyer[25]).

(BV;BV ) minimization algorithm In the following formajgalculationsof EulerLagrange
equationsandin practice,we will usethe notationjujgy(y =  jr ujdx for the total variation
of u.

Startwith u®.



Forintegersn O, if u" is known or previously computedgestimaten” by themaximization

process: R(f e
uM)wdx

kf  u"k sup Rp———:

W2BV() ;jwigy () 60 2+ jr wj2dx

In the sup calculationwith regularizationof TV, jwjgy will never becomezerg,becausef it

becomegero,thenw mustbeaconstantunction,whichwill malethequantity&p% =0,

thereforecannotbethesup,unless u = 0everywhere.
Theassociated®DEin w = w", to obtainw", formally is

R
n f "wd
0=Rp L + R p(l_Ji)W_x v .r W. X (6)
2+ jr wj2dx  ( 2+ jr wj2dx)? Irwj
o f "Ywd
0= (f u”)+Rn( u")wdx LA @)

P L v — ;
2+ jr wj2dx Irwj

with associatecmaturalboundarycondition% =00n@.
Oncew" is computedthenwe computeu™*! by minimizing with respecto u = u"*! the

enegy ~

R
n
EW) = r ujdxs L Wwrdx,

JWhjsv ()
thatformally givestheassociatedulerLagrangesquationin u = u"*!:

=Y iav 2 ®)
IW]BV () Jruj

or ..
w . ru
+ Wisv() div

O=w —
Ir u

; ©)
with @ " Oon@ . R
Remark: Integrating(7) in spacewe obtainthat (f u")dx = 0.

In atime-dependerdpproachthemainalgorithmis summarizedsfollows: startwith (u®;w°) =
(u(0; x); w(0; x)), andsolvefort > 0

f d
Q@ _ ¢ u+R p(w div (10)
@ 2+ jr wj2dx Irwj
@ Wigvg . ru
= owet div —— 11
3 Ui (11)

r Notethatfor a x edu g u", in the maximizationprocessn w, if we startwith w? suchthat

(f uwldx O,then (f u)wdx O0becauseveincreasaheenegy in w with theright
choiceof 4 t (in the supremunformula) at ary step. If thisis a problem,thenwe cankeepthe
absolutevaluein thede nition of the supremumto avoid numericalinstability.
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Deblurring model Notethatthe abose model(5) canalsobe appliedto imagedeblurring. Let

K :L%) ! L?) bealinearandcontinuousoperator(sometimeswe have to assumen

additionthatK doesnot anihilateconstants)If we assumehe degradationmodelf = Ku + n,

whereK denotes blurring operatorandn denotesadditive noiseof zeromean thenwe propose
thefollowing restoratiomrmodel:

by B =By + KKk w
or
it B= (s (f 0 Ku); (13)

with  de nedin (3). We applythe samestepsin the minimizationalgorithmasbefore,andthe
associatetime-dependerEulerLagrangesquationgormally are:

f K d
Qv _ Rp f I-<u __ + R p(_iu)"_” div — ; (14)
@ 24 jr wjadx  ( 2+ jr wjadx)2  Jr wj
@ _ KW gy Y. (15)
@ IWJBV () Jruj

whereK denotegheadjointoperatorof K . Notethathere we nolongerhavetoinvertK Ku as
it is obtainedwhenthe delity termiskf — Kuk?,, .

General ( ; ) decompositionmodel Similarly, considera generaldecompositiormodel of
theform (2), or nZ o
. o (f  uwwdx
inf r uj) dx + su R — ; 16
u (r-u) wh (jrl?/vj)SO (Jr wj) dx (16)

We assumehat is adifferentiablejncreasingunctionon[0; 1 ), possiblynon-comwex, with
at mostlinear growth atin nity , andsatisfying (0) > 0 againto avoid division by zero. In the
corvex case, (jDuj) is well de nedforu 2 BV() , corvex andlower semi-continuousasa
cornvex functionof measuregseeDemengel-Emam[11]). In the non-covex case we work with
u2 Wt() BV() L?() andthedistributionalgradientr u, asafunctionin (L()) 2.

In the sameway, to minimize this functional,we solve an evolutionarycoupledsystemin the
unknovnsu; w asfollows:

(f  uwwdx rw

— = f u+ R——div rw - 17
@ (Jr wj)dx U J)Jr wj an
@ Wisv) . ... ru

— = w+ —* div ruj)—— : 18
) qi J)Jr i (18)

In our experimentalresultsfor image denoising,image deblurringand cartoonand texture
separationywe have appliedthe above introducedmodels.We have alsoconsideredhe casewhen
is not corvex. Moreover, with a minor modi cation of the gradientdescent,our nonlinear
evolution PDE's in the unknovn u arenumericallybetterbehaed, giving fastercorvergenceand
improvedresults.Thesearepresentedhn the next section.
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3 Experimental results

3.1 (BV;BYV ) imagedenoisingand decompositionresults

In practiceto solve (5) for the(BV; BV ) model,we usethetime dependengquationgor gradient
ascentin w andgradientdescenin u, asgivenin (10)-(11). Moreover, insteadof (11), we also
consideranothergradientdescendingnethod(seealsoA. MarquinaandS. Osher[22], [23])

jr wjdx . ru

@ _ o .
@ hp(r uj) ———div U +w (29)

whereh ,; (jtj) > 0 andsatis es

ifjtj

20
jti°  if jtj < ; forsomep 1 (20)

hp (jt) =

This modi cation makesthe divergenceoperatomumericallybetterbehaedwhenjr uj = 0, and
alsogivesfastercorvergenceandmuchimprovedresults.
We will comparethis (BV; BV ) modelandits modi cation with the ROF model,
Z Z

. - . . . .2 .
uzérv‘() F(u= jrudx+ if  uj©dx: (21)
A minimizerof (21) satis esthe EulerLagrangesquation,

. ru _
0= div TR + (f u): (22)

To solve the above stationaryequationwe alsoconsidentwo gradientdescendingnethods,

@ 1, ru _

@ = Zdiv jI’—Uj +(f  u); (23)
@ _ o1 ru )
@ h.(jr uj) =div ru (fF (24)

We useexplicit centralschemedor all the partial differentialequationswith the divergence
operatorin expandedorm:
ru UcUZ 22Uy Uy Uy + UyyUZ

div i @+ 0= ; (25)

Ournumericalcomputationsise x = y= 1 and t = 0:001 Forthecomputationsvhich
involveh ,, (t), weuse = 05, andp = 1.
We summarizeagainthe main stepsof thealgorithm:

R
1. Startwith initial guesse$or ug = f, andwy, suchthat jr wgj 6 O.
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2. Givenu,, andw, , wethencomputew,.; usingequation(10)for 10iterations.
3. With u,, andw,.; known, wethencomputeu,.; with method(11)or (19).
4. Repeastep2 3until M ax_| ter is reached.

In all of our numericalcomputationsM ax_I ter = 100Q In each gure, w denotegherescal-
ing of w to bein therange[0; 255]

Let u bethetrueimageof sizeN M, andu betherecoreredimage. To quantify how good
therecoreredimageis, andto choosetheparameter , we usetheroot meansquaresrror

ap

i Ui Ui
NM

rmse =

Thefollowing experimentaresultsandcomparisonshav improvementover the ROF model.



Figurel: Dataimages.
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Figure2: Dataimages.
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Figure3: Top: ROF using(23) with = 2:04, rmse = 0:01020834 Bottom: (BV;BV ) using
(10)and(11)with = 190Q rmse= 0:009918792
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Figure4: Top: ROF using(23) with = 7:92 rmse = 0:0645842 Bottom: (BV;BV ) using
(10)and(11)with = 500Q rmse= 0:06406284
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u f u+100

Figure5: (BV;BV ) using(10)and(11)with = 250Q
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f u+100

f u+100

Figure6: Top: ROF using(23) with = 63.75. Bottom: (BV;BV ) using(10) and(11) with
= 200Q
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Figure7: Top: ROF using(24) with = 3:825 rmse = 0:0058781 Bottom: (BV;BV ) using
(10)and(19)with = 150 rmse= 0:005767196
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f u+100

u
u f u+100
w

et

Figure8: Top: ROF using(24) with = 4:95 rmse = 0:05776094 Bottom: (BV;BV ) using
(10)and(19)with = 50, rmse = 0:05681891
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u f u+100

Figure9: (BV;BV ) using(10)and(19)with = 150Q
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f u+100

f u+100

Figure10: Top: ROF using(24) with = 17:85. Bottom: (BV;BV ) using(10) and(19) with
= 140Q
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3.2 Non-corvex Potential in a dual decomposition

Similarly, thedecompositioomodel(16), with (t) non-comwex function,canbeminimizedby the
algorithmgivenin (17)-(18). Herewe will considertwo choices(see[12], [13], [14], [15] for
non-corvex regularizations):
() =it 0< p< L, (26)
and -
1Y
1) = —_—,
M) =13 e
Throughout our numericalcomputationsyve usep = 0:75in (26)and = 0:00landg= 2in
(27). Thefollowing experimentalresultswith a non-cowex potentialare againmuchimproved
over the ROF model,andwe no longersee“geometry”in thev componentpothin the denoising
anddecompositiomesults.

<1 q L (27)
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u f u+100

Figurell: using(26),rmse= 0:00746253 = 10.
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u f u+100

Figurel2: using(26),rmse= 0:05111486 = 8.
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u f u+100

Figure13: using(26),rmse= 0:0219727¢6 = 110
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u f u+100

Figurel4: using(26),rmse = 0:04416518 = 100
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u f u+100

Figurel15: using(26),rmse = 0:04296311 = 12Q
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u f u+100

Figurel6: using(27),rmse= 007092052 = 1.
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u f u+100

Figurel7:using(27),rmse= 0:04810694 = 0:4.
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u f u+100

Figurel18: using(27),rmse= 0:02260758 = 5.
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u f u+100

Figure19: using(27),rmse = 0:04596249 = 7.
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u f u+100

Figure20: using(27),rmse= 0:04297547 = 9.
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3.3 Imagedeblurring

We apply herethe deblurringmodelproposedn (12), andsolved usingthe coupledsystem(14)-
(15). Theblur operatoiK u is givenby aconvolutionwith a5 5 blurring maskor kernelk of the
form:

14741
, |4]16]26]16]4
= [7126[41]26]7
273 4116(26]16/4

14741

Theequationin u from (14) is discretizedusinga semi-implicitschemeasin [5], [32], while
thediscretizatiorof the equationin w from (15) is doneusinga fully explicit scheme We run 30
iterationsin w, for e/eryiterati%nLn u. Wealsohave4 x = 4 y = 1. TheRMSE(rootmeansquare

error)de ned by RM SE =
therestorationandto nd theoptlmalparameter

Below we give the numberof iterationsand RMSE for our results,andcomparisonsvith the
Rudin-Oshemodel[31], for syntheticandrealdata. Theresultsobtainedusingthe new modelare
very similar with thoseobtainedusingthe Rudin-Oshemodel. We alsoshow the nal w obtained
asa by-productof thealgorithm.

i (cleanIJ recoveredIJ )2

is beingusedto measurehe quality of

I. Forresultsin Figure21 (deblurringthe syntheticimage):

(i) Data:RMSE=0.0812219
(i) RO: 6000iterations RMSE=0.03262219, =13.5
(i) (BV,BV*) : 1000iterations RMSE = 0.03408236, = 24,000

Il. Forresultsin Figure22 (denoisinganddeblurring):

(i) Data:RMSE= 0.105052
(i) RO : 6000iterations RMSE= 0.0573248, = 0.4
(i) (BV,BV*) : 6000iterations RMSE = 0.06060835, = 10,000

lll. Forresultsin Figure23 (deblurringthe of ce image)

(i) Data:RMSE=0.111223
(i) RO : 3000iterations RMSE = 0.04248943, = 60
(i) (BV,BV*) : 6000iterations RMSE= 0.04450807, = 250,000
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URro u w

Figure21: A syntheticimage theblurring kernelrepresentedsanimage,andthe blurredversion
of the syntheticimage (top). Deblurringwith RO (middle). Deblurringwith (BV,BV*)-model
(bottom).
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Uro Vro +100

u v+100 w

Figure22: A syntheticimageandits noisy-blurredversion(top). ReconstructiorusingRO (mid-
dle). Reconstructiomsing(BV,BV*)-model (bottom).
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Uro

Figure23: Original imageof anof ce anda blurry version(top). Deblurringwith RO (middle).
Deblurringwith (BV,BV*)-model (bottom).
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