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ABSTRACT

This work is devoted to new computational models for image segmentation, image restoration and image de-
composition. In particular, we partition an image into piecewise-constant regions using energy minimization
and curve evolution approaches. Applications of denoising-segmentation in polar coordinates (motivated by
impedance tomography) and of segmentation of brain images will be presented. Also, we decompose a natural
image into a cartoon or geometric component and an oscillatory or texture component using a variational ap-
proach and dual functionals. Thus, new computational methods will be presented for denoising, deblurring and
texture modeling.

Keywords: Computational imaging, functional minimization, P.D.E., decomposition, denoising, segmentation

1. INTRODUCTION

In this paper we present several models and computational imaging results that will illustrate the use of functional
minimization and of Euler-Lagrange equations for different but related image processing tasks: image restoration,
image decomposition into cartoon and texture, and image segmentation. The proposed techniques can be seen
as refinements or variants of previous canonical models (the Mumford and Shah model1 for image segmentation
and the total variation minimization of Rudin-Osher-Fatemi for image restoration2). Our segmentation models
can also be seen as extensions of the active contour models without edges introduced in,3 ,4 ,5 .6 Applications
to brain MRI image segmentation and to processing of images in polar coordinates, motivated by impedance
tomography, will be presented.

We first give our main notations and motivations. Let Ω be an open and bounded domain in IRn and let
f : Ω → IR be a given image. In particular we consider here the case of planar images (n = 2) and of volumetric
images (n = 3). The case of vector-valued data could be considered as well. Often the observed data f is a noisy
and blurry version of an original image u that has to be extracted from f . This is in general an inverse ill posed
problem, and additional assumptions on u and on the degradation model are needed. Sometimes we would like
u to be a piecewise-smooth approximation of f ; therefore u is formed by homogeneous regions and with sharp
edges (called a cartoon, geometric or simplified version of f). Additive (or multiplicative) details like noise and
texture (oscillatory patterns) are not kept in u; these remain in the residual term f − u (or f

u respectively for
multiplicative noise). A related problem is to extract a piecewise-smooth approximation to f and the edges
between these smooth regions. This problem is referred to as segmentation or partition of f .

One of the most well known methods for image segmentation or partition is the one formulated by Mumford
and Shah. We recall here the piecewise-constant case, or the minimal partition problem,1 where an image f is
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partitioned into several regions Ωi, and the gray-scale level in each Ωi is close to an average constant ci. This
can be accomplished by minimizing the following energy functional1:

EMS(u,C) = λ
∑

i

∫

Ωi

|f(x) − ci|2dx + µ length(C), (1)

where µ and λ are tuning parameters, C is a piecewise smooth curve that partitions Ω into Ωi, and u = ci is
constant in each Ωi. A simple observation shows that for a fixed C, the value of ci that minimizes this functional
is given by the average of f over Ωi. This model can be used for image denoising as well as segmentation. If the
image is noisy, but the original true image is piecewise constant, then this minimization will lead to a partition
and will give the average value of f in each region. Thus, the segmented image u will give a denoised version of
f . However in practice, it is difficult to minimize the functional. Solutions have been proposed by the elliptic
approximations of Ambrosio and Tortorelli,7 ,8 by the region growing and merging method of Koepfler, Lopez
and Morel,9 and more recently by the use of curve evolution and of implicit representation in Chan and Vese,3

,4 ,5 ,6 Tsai, Yezzi, Willsky,10 among other work.

The Mumford and Shah minimization problem can be put in the level set framework in the following way.
Suppose first that we are working in the simplified case of binary segmentation. The image f can be partitioned
using a level set function φ into two regions, one region where φ > 0 and another where φ < 0. The zero level set
of φ will define the curve C. Its length will be given by

∫ |∇H(φ)|dx =
∫

δ(φ)|∇φ|dx, where H is the Heaviside
function and δ is the Dirac delta function. In this case, the functional (1) can be rewritten as,3 4

ECV
2 (c1, c2, φ) = λ

∫

Ω

[
|f(x) − c1|2H(φ(x)) + |f(x) − c2|2(1 − H(φ(x)))

]
dx + µ

∫

Ω

δ(φ)|∇φ|dx. (2)

We use here the variational level set approach introduced in Zhao, Chan, Merriman, and Osher.11 Following
the observation from the previous paragraph, the optimal constants c1 and c2 for a fixed φ are given by

c1 =

∫
Ω

f(x)H(φ(x))dx∫
Ω

H(φ(x))dx
and c2 =

∫
Ω

f(x)(1 − H(φ(x)))dx∫
Ω
(1 − H(φ(x)))dx

. (3)

Introducing an artificial time, t ≥ 0, one verifies that with φ(x, t) satisfying

∂φ

∂t
= δ(φ)

[
µ∇ · ∇φ

|∇φ| − λ|f − c1|2 + λ|f − c2|2
]

in Ω (4)

∂φ

∂ν
= 0 on ∂Ω, (5)

ECV
2 will be a non-increasing function of t (here ν denotes the exterior unit normal to ∂Ω).

The level set formulation of segmentation is not limited to binary segmentation. One way to extend the
model is to use n level set functions that can partition an image into 2n regions, as introduced in.6 Each
region is determined by the signs of the level set functions. The extension to multiple level set functions follows
immediately from the previous section. As an example we discuss the case of two level set functions, φ and ψ.
These functions define four disjoint regions, {φ > 0, ψ > 0}, {φ > 0, ψ < 0}, {φ < 0, ψ > 0}, and {φ < 0, ψ < 0}.
The four-phase Chan-Vese model (as a modified Mumford and Shah functional) is analogously given by

ECV
4 (c1, c2, c3, c4, φ, ψ) = λ

∫

Ω

[
|f(x) − c1|2H(φ(x))H(ψ(x)) + |f(x) − c2|2H(φ(x))(1 − H(ψ(x)))

+ |f(x) − c3|2(1 − H(φ(x)))H(ψ(x)) + |f(x) − c4|2(1 − H(φ(x)))(1 − H(ψ(x)))
]
dx

+ µ

∫

Ω

[
δ(φ)|∇φ| + δ(ψ)|∇ψ|

]
dx,

where the union of curves C is now defined by C = {x ∈ Ω : φ(x) = 0} ∪ {x ∈ Ω : ψ(x) = 0}. For fixed φ and
ψ, the coefficients, c1, c2, c3 and c4, that minimize ECV

4 are given by the average of f over each one of these
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regions. We note that in the energy ECV
4 , overlapping pieces of contours of {φ = 0} and of {ψ = 0} may count

more than once in the length term. This can be avoided by a minor modification.

The equations for φ and ψ are a direct analog of equation (4),

∂φ

∂t
= δ(φ)

[
µ∇ · ∇φ

|∇φ| − λ
[|f − c1|2 − |f − c2|2

]
H(ψ) − λ

[|f − c3|2 − |f − c4|2
](

1 − H(ψ)
)]

∂ψ

∂t
= δ(ψ)

[
µ∇ · ∇ψ

|∇ψ| − λ
[|f − c1|2 − |f − c3|2

]
H(φ) − λ

[|f − c2|2 − |f − c4|2
](

1 − H(φ)
)]

,

with similar Neumann boundary conditions on ∂Ω.

Numerically, for the Heaviside and Dirac delta functions, we use the approximations,3 4

Hε(x) =
1
2

[
1 +

2
π

arctan
(x

ε

)]
and δε(x) = H ′

ε(x) =
1
π

ε

ε2 + x2
. (6)

The above two segmentation models using curve evolution will be applied in the next section to images defined
on circular domains.

One of the standard methods for denoising and deblurring images is the Rudin-Osher-Fatemi model,2 .12 In
their model, these two tasks are carried out by minimizing the energy functional,

EROF (u) =
∫

Ω

|∇u|dx + λ

∫

Ω

|f − Ku|2dx, (7)

over functions u of bounded variation
∫
Ω
|∇u|dx < ∞. The first term ensures that u is not rapidly oscillating but

preserves edges, while the second term keeps Ku close to the original image f (based on the linear degradation
model assumption “f = Ku+ white Gaussian noise”). Respectively, these two terms are referred to as the
regularizing term and the fidelity term. The blur operator K is linear and continuous from L2(Ω) to L2(Ω) and
is in general a convolution or the identity. The tuning parameter λ balances these two quantities against each
other. To solve this convex minimization, it is again convenient to introduce an artificial time parameter t ≥ 0.
By letting u depend on t through the equation

∂u

∂t
= ∇ · ∇u

|∇u| + 2λK∗(f − Ku) in Ω (8)

∂u

∂ν
= 0 on ∂Ω , (9)

one can easily verify that EROF will be a non-increasing function of t. Thus, we expect that as t → ∞, u(t) will
give us a minimum of EROF . Here, K∗ denotes the adjoint operator of K. This model will be applied in the
next section to denoising of images defined on circular domains (K = I), while in Section 4, the model will be
further refined.

The outline of the paper is as follows. In Section 2 we show computational results of image denoising and
segmentation when the data is given in polar coordinates. In Section 3 we segment 3D MRI data into three
anatomical regions, using the multilayer level set approach, while in Section 4, the last section of the paper,
we propose image decomposition models based on duality, together with experimental results for denoising and
deblurring.

2. DENOISING AND SEGMENTATION MODELS IN POLAR COORDINATES

In this section we present some results on denoising and segmentation in polar coordinates. This study was
motivated by a problem in electrical impedance tomography in which data was gathered on a circular boundary.
In that setting, it was most natural to consider the problem of image segmentation in polar coordinates. The
formulations of the R-O-F2 and the C-V models,4 6 in polar coordinates are identical to their formulations in
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Cartesian coordinates, except for the boundary conditions and the form of the divergence operator. In polar
coordinates (r, θ) with 0 ≤ r ≤ 1, 0 ≤ θ < 2π we have

∇ =
(

∂

∂r
,
1
r

∂

∂θ

)
. (10)

The most natural boundary conditions are periodic boundary conditions in θ ∈ [0, 2π), Neumann boundary
condition at the edge of the circle r = 1 and continuity at the origin r = 0.

In what follows, we will consider a unit circle, Ω, and an image given by a function f : Ω → IR. The denoised
or segmented version of the image will be denoted by u.

2.1. TV Denoising in Polar Coordinates

To avoid dividing by 0 at the origin in equation (8), we multiply ∇u
|∇u| by r

r and use the standard regularization of
adding a small positive number ε to the denominator. We apply periodic boundary conditions in θ and Neumann
boundary conditions at r = 1. At the origin, we define u to be the average of its values at r = �r. Results for
denoising two synthetic images with additive noise are shown in Figure 1 and in Figure 2. In both cases, the
initial condition is u(0) = f .

Figure 1. Results for denoising a synthetic noisy image using the ROF model in polar coordinates. The original binary
image is degraded by additive zero-mean Gaussian noise with standard deviation of 20 and RMSE=19.9158 (root mean
square error, normalized). The tuning parameter λ equals 1. The denoised image has the RMSE=5.2919.

Figure 2. Results for denoising another synthetic noisy image using the ROF model. The original four-phase image is
degraded by additive zero-mean Gaussian noise with standard deviation of 10 and RMSE=9.9158. The tuning parameter
λ equals 1. The denoised image has the RMSE=4.7138.

2.2. Segmentation in Polar Coordinates

In this subsection we show how the C-V segmentation models can be used for piecewise-constant segmentation
of data given in polar coordinates, as in impedance tomography.
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2.2.1. Two-Phase Segmentation in Polar Coordinates

To solve equation (4) that results from the C-V binary segmentation model in polar coordinates, we employ
a semi-implicit discretization in space and a variable step size algorithm in time. The time step is increased
or decreased between a maximum and a minimum value based on how quickly the coefficients c1 and c2 are
changing. This allows for a very small time step initially, when φ and the constants are evolving rapidly, while
still maintaining reasonable computational times for the segmentation.

Figure 3 shows the segmentation of a binary image that has been degraded with additive Gaussian noise.
The segmentation in this case leads to the exact reconstruction of the original true image. Similar numerical
results are obtained for a large variety of initial conditions.

Figure 3. Segmentation using a single level set function. The original two color image is degraded by additive zero-mean
Gaussian noise with standard deviation of 20 and RMSE=19.9158. The values for c1 and c2 in the original clean image
are 100 and 200. In this example λ = .05 and µ = 1. The two regions and the values of constants are recovered perfectly
(with RMSE=0.9005 for the denoised image). The bottom five pairs of images show the evolution of the level set function
as well as the values of the coefficients at the given iteration.

2.2.2. Four-Phase Segmentation in Polar Coordinates

Numerical results for a four-phase segmentation of a synthetic noisy image are given in Figure 4. The segmen-
tation is very accurate, except for some minor errors in the upper part of the image. In this case, we remark
that the segmentation result depends more strongly on the initial choice for level set functions than the binary
segmentation case. There is numerical evidence that initializing the level sets to have many small regions of
positivity (or negativity) leads to a better segmentation.
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Figure 4. Segmentation using two level set functions. The original four color image is degraded by additive zero-mean
Gaussian noise with standard deviation of 10 and RMSE=9.9158. The values for c1, c2, c3, and c4 in the original clean
image are 100, 133, 167, and 200. In this example λ = .1 and µ = 1. The recovered values for the constants are 100, 134,
167, and 200 (with RMSE=1.5719 for the denoised image). The four regions are recovered almost perfectly, with slight
errors in the upper part of the image. The bottom five pairs of images show the evolution of the level set functions as
well as the values of the coefficients at the given iteration.

3. SEGMENTATION OF MRI BRAIN DATA

Another application that we consider here is the segmentation of the 3D MRI brain data into three anatomical
regions, called white matter (WM), gray matter (GM) and cerebro-spinal fluid (CSF). We assume that the
data, provided by the Center for Computational Biology, UCLA, has been skull-stripped in advance. Our aim
is to use again piecewise-constant segmentation based on the Chan-Vese models. Following13 and,14 we apply
a multilayer level set approach: we use here two levels of the same level set function to represent the set of
unknown boundaries. This gives an improved and more efficient model.

For this specific purpose, we first introduce an indicator function χB for the brain region denoted by B,
obtained from the data, since we know that only the non-brain region has intensity value of zero. Then we
segment only the brain region into three regions using two level lines of φ, given by {φ = 0} and {φ = l}, with
l > 0. The energy to be minimized becomes,

F (cGM , cWM , cCSF , φ) =
∫

Ω

|f(x) − cGM |2χBH(−φ)dx +
∫

Ω

|f(x) − cWM |2χBH(φ)H(l − φ)dx

+
∫

Ω

|f(x) − cCSF |2χBH(φ − l)dx + µ
[
length{φ = 0} ∩ B

+ length{φ = l} ∩ B
]
.
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