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Abstract

In this paper we study certain groups of bilipschitz maps of the boundary minus a point of
a negatively curved space of the form R x,; R™, where M is a matrix whose eigenvalues all lie
outside of the unit circle. The case where M is diagonal was previously studied by Dymarz in
[Dy]. As an application, combined with work of Eskin-Fisher-Whyte and Peng, we fill in the
last steps in the proof of quasi-isometric rigidity for a class of lattices in solvable Lie groups.

1 Introduction

In [H] Heintze characterized the class of connected, negatively curved homogeneous spaces as
those solvable Lie groups of the form R x N, where N is a nilpotent Lie group, and where the
eigenvalues of the action of R on N all lie strictly outside the unit circle. If X is such a space
then the visual boundary 90X is defined to be the set of equivalence classes of geodesic rays.
This visual boundary can be identified with the one-point compactification of N, and it can be
be equipped with a metric, the visual metric, by fixing a reference point in X and examining the
Gromov product between the reference point and any pairs of points on the boundary. There is
another family of metrics {d, »}, called Euclid-Cygan metrics, that can be defined on X \ {a},
for any point a € 90X and any horosphere H centered at a. In this metric, isometries of X fixing
a acts by homotheties. There is an explicit relationship between the restriction of the visual
metric to 0X \ {a} and a Cygan metric given by Paulin [HP]. In particular the two metrics are
quasiconformal.

Here we study bilipschitz maps with respect to a Euclid-Cygan metric Djy; on the boundary
of a negatively curved space Gp; = R xp; R™ where M is a matrix whose eigenvalues all
have norm greater than one. We consider groups of uniform @Simp,, maps, maps which are
compositions of homotheties (Simp,, maps) and bilipschitz maps (Bilipp,, maps) all with a
uniform bilipschitz constant. Under certain conditions we are able to conjugate such a group
into the group of almost homotheties (ASimp,, maps). See Section 2 for a precise definition.
We prove the following theorem:

Theorem 1 Let G be a cocompactly acting uniform group of QSimp,, maps of (R™, Dys) where
M is a matriz with all eigenvalues of norm greater than one. Then there exists a QSimp,, map
F such that

FGF~ C ASimp,,(R™).

This theorem generalizes the work of Dymarz who considers the same problem in the setting
where M is diagonalizable. Theorem 1 fills in the missing ingredient in the proof of the following
theorem:



Theorem 2 [EFWI] LetT is a finitely generated group quasi-isometric to R x pr R™ where M is
a matriz with det M = 1 and whose eigenvalues all lie off of the unit circle. Then T is virtually
a lattice in solvable Lie group of the form R X e R™ for some o € Ry.

1.1 Outline

In Section 2 we prove the main results concerning the structure of Bilipp,, maps. We show
that such a map preserves a flag of foliations determined by the generalized eigenspaces of M.
This is where the non-diagonal case differs most from the diagonal case. In Section 3 we prove
Theorem 1 and in Section 4 we fill in the gaps of the proof of Theorem 2.

2 The space G); and 0G)y,

Given a n x n matrix A with positive real eigenvalues, the eigenvalues of the matrix M = e?

are all greater than 1. Conversely, any matrix with eigenvalues outside the unit circle can be
written in the form e where A has positive eigenvalues. Under this assumption, the semidirect
product G = R x 3y R”, where the R action is given by ¢ — e, is a connected and negatively
curved homogeneous space.

We can equip Gj; with a path metric dg induced from a left invariant Riemannian metric
but to work with this metric explicitly would be cumbersome. Instead, we chose to work with
a metric dy, which is bilipschitz equivalent to dg and much easier to describe. To define dj, we
first we assign a metric to each height level set as in [FM2]:

e (poq) = lle " (p — q)||

where || - || is the coordinate-wise max norm. For two points (¢,p), (t',q) € G let ¢y be the
smallest height at which dy, a(p,q) < 1. If tg > ¢, ¢’ then we set

dr((t,p), (t',q)) := [t —to| + [to — '] + 1
otherwise (assuming that ¢ > t) we set

dr((t.p), (', q) = (t=t) + e 4 (p— @)

As in [Dy] we identify dGps \ {0} =~ R™ and define the boundary metric Dy by setting for
p,q € 0Gy \ {oo}
DM (p7 Q) = eto

where tg is the smallest height at which ||e~*4(p — ¢)|| < 1. In the following section we derive

a coordinate based expression for Dy, but first we compare Dj; with the Euclid-Cygan metric
from [HP]. Let H be the horosphere centered at oo defined by ¢ = 0. Let p;, ¢ be vertical
geodesics based at p,q € OGjs respectively, parametrized so that pg, ¢y both lie on H and so
that ¢ corresponds to height. Then the Euclid-Cygan metric is given by

doo,H(I?aQ) - tEI_nooe—%(—Qt—dL(Pwh))

_ lim e%(2t+2(to—t)+1)

t——o0

= Ceb.



2.1 The D,; metric in coordinates

In this subsection, given M = e” where A is a n X n matrix with positive real eigenvalues as
before, we work out the expression of Dy, in coordinates with respect to the basis in which the
matrix A appears in its Jordan canonical form.

Let V, be the generalized eigenspace corresponding to the eigenvalue «, and let {v{}; be
generators of Jordan chains in V,. Each v{ is associated with a number n; such that (4 —
al)"iv® =0, and (A — ol)™~1v® # 0. Then V, has a basis of the form
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B, = U{(A — OZI)mflvf" e (A _ Ol])lvq s
Let
Ba,e = Ba N (ker(A — o) \ker(A — oz])zfl) .
Then a basis of R™ can be given by

B={JJBa
a L

We now turn B into an ordered basis by fixing an order on each of the B, , and by declaring
that elements in B, ¢ take precedence over elements in Bg, if either &« > 3, or « = 3 but £ > ..
This ordering on B produces a foliation {U, ¢} where

Use=span { | J Bg,}
(B.4)<(n0)

We can coordinatize each element v € R™ with respect to B as (Xa,1,Xa,2,**X3,1,X8,2" )
where o < 3, and x,,; is a vector of coefficients with respect to elements of B, ; written in the
ascending order.

In these coordinates, write p — ¢ = (..., AXq4 ;,...). Then we can express
Dy (p,q) = €™
where tg is the smallest value of ¢ that satisfies the inequality

1> —at —1)¢ Ax, ). 1
> 217?3(6 Zz:j:( ) (z —j)!( Xa,z) ( )
In particular, for some jg, ¢y and oy we have
y o 1/ao
S
Du(p.q) = Z(*l) m(AXao,i)
1=Jo ’

2.2 Map definitions

Bilipschitz maps. We say a map F' : R™ — R” is bilipschitz with respect to Dy if there is a
constant K such that

1
?DM(p, q) < Dyp(F(p), F(q)) < KDy (p,q) for all p,q € R”

We call such a map a Bilipp,, map.



Similarity. A map F': R" — R" is a Simp,, map or a similarity with respect to Dy if there
is a constant ¢ such that

Dkl(paq) = GCDM(F(p),F(Q))v for all D, q € R"™.

Quasi-similarity. A QSimp,, is a Bilipp,, composed with a Simp,,. In particular a QSimp,,
map is again a Bilipp,, in treating it as a composition of as similarity and a bilipschitz map we
have more information on it’s bounding constants.

Almost similarity. Almost similarities or ASimp,, maps form a restricted subset of all
QSimp,, maps. In the next section we show that any Bilipp,, preserves a certain flag of
foliations defined by the generalized eigenspaces of M. An ASimp,, map is one which, in
addition to preserving these foliations, induces a similarity map along each leaf of this foliation
such that all of the dilation and rotation constants are compatible with M. For an explicit
definition see Section 3.

2.3 Properties of Bilipp,, maps.

In this section we examine the structure of Bilipp,, maps. Our main results are Proposition
5 and Lemma 6 which show that a Bilipp,, map must preserve a certain flag of foliations
defined by eigenvalues and Jordan block filtrations of M. Furthermore, these results give growth
conditions that a Bilipp,, must necessarily satisfy along leaves of these foliations.

Define a function n,,; : R — R by

e

Jlw

na,j(w) = |lnw|f .

For two points p,q € R" let
Ny, (0q) = likrgioréf Z Ne,; (Dar (Pi, Pit1))

where the lim inf is taken over all finite sequences {p; }!", with p = po, ¢ = pm and Dps(ps, piv1) =
1/k. Note that A, . can be thought of as the “length” metric associated to the “metric”
Na,j © D

Lemma 3 If F: R" — R" is a K-Bilipp,, map then
1
Ta Lai(p:a) < Daj(F(p), F(q)) < K% Da,i(p,q)

Proof. Let {p;}§* be a sequence of points such that py = p and p,, = ¢. Then, since F is
K-bilipschitz, we have

1 .
?DM(pz'—th:) < Dy (F(pi-1), F(pi)) < KDy (pi-1,pi) for all 4.
Since 14,; is monotone, it follows that

m

Zna,] < DJM pz 1,Pi > Zna,] DM pz 1 Z ,j KDI\/I pz 1ap1))

We can estimate
J' KDy (pi—1,pi)®
«,] KD 1—1y M1 n
e (K Daa (i1, 21)) |In K +1In Dy(pi—1,pi))’
3! K®Dar(pi—1,p:)*  |InDar(pi—1,pi)|’
|In Das(pi—1,pi)l?  |InK +1nDar(piza, pi)l?

4



Since )
|In Dps(pi—1, i)

lim -
Dar(pi—1,p)—0 |In K +1In Dps(pi—1, pi)|’

the claim follows from the definition of A, ;. W

Lemma 4 Let p,q € 0Gur be points such that xg ; is the largest coordinate in which p differs
from q. Then

o (3,5) > (o, f) if and only if A, ,(p,q) = oo,
L4 (ﬁv.]) = (Oz’g) Zf and Only Zf Ana,e (p7 Q) = |Xo¢,€|7
e (3,7) < (o, f) if and only if A, ,(p,q) = 0.

Proof. First we will find an upper bound on A,,_,(p,q). Suppose p —q = Xg,;. (i.e. p and
g differ only in the x3 ; coordinate.) Then
/B
i ,...,|X5,j1/ﬂ .

G-

1/8

)

ti i1

ﬁxﬁ,j

Dy (p, q) = max {

Let {p;} be a sequence joining p and ¢. If we insist that Dy (p;, pi+1) = 1/k then as long as k is
large enough, the first term [t/ /5! Xﬁ’jll/ﬁ of the expression for Dps(p;, pi+1) dominates. Write
Di — Pit1 = X%_’j. Then
il = s
B3l kB In k)i

so that we need

X3, ‘ j
DI — BB | Ik |xp,5](1/4!)
15,51

points in our sequence. Now consider

kP In k| |xp,51(1/5)) K7 k| |xp,51(1/50) K7 k) |xp,51(1/5) /)
Nt (Dt (Pis pit1)) = Z Nae(1/k) = Z W
1=0 i=0 i=0
_ Kf|Ink)|xg ;10!
k| In k¢3!

This quantity above is an upper bound for A,,_,(p,q). Note that if
e a=/
a) £=jthen A, ,(p,q) < |xp,l,
b) £ > j then (£1/j1)|Ink|"~¥xz,| — 0as 1/k — 0, s0 A, ,(p,q) =0,
c¢) €< jthen (£1/51)|Ink|’~¢|xg ;| — oo as 1/k — 0,
e o > 3 then k% P dominates |In k|’ ~¢ no matter what j and £ are so Ay, (q) =0,
e a < fBthen kP~ Ink| ! |xz,,|(£!/5!) — .

Now if p and ¢ differ in more than one coordinate then we can treat one coordinate at a time
and concatenate all resulting sequences to get the desired upper bounds.

To find a lower bound on A,,_,(p, ¢), we again look at various cases. By the above estimates
we already know that if the largest coordinate in which p and ¢ differ is (8,7) where a > (3 or



where a = 3 and ¢ > j then A, ,(p,q) = 0. To consider the other cases, pick any sequence
{p:;} with Dps(ps, piv1) = 1/k. First, if 8 = « then by Equation 1

J In k|t
Z_: |n|a,L-

Na, o(Dar(pi, piv1))

By applying the triangle inequality we get

- A N Y
Zna,e(DM(pi7Pi+1)) > Z T A7 Z(—l) %xm
i=0 i=0 t=0 ’
0 RRE, I k
= | In k| ZZ(*I) 0 B
i=0 1=0
0| \lnk
>
= |lnkl¢ ; Z X3,

0| k|
> W Z(*l) TXB,L .

=0

To get the last inequality we use that xg; = >_." xi@ ;- From these inequalities we can deduce
that as 1/k — 0,

o if j = ¢ then A, ,(p,q) > [Xal,
o if j > ( then A, ,(p,q) = oc.

The last case we need to consider is when 3 > «. Since we have considered all other cases
we can assume without loss of generality that p and ¢ differ only in coordinates with exponent
greater than «. Since Dys(p;, pi+1) = 1/k then by Equation 1 we have

m

ZUQ,Z(DM(piaPiJrl |1nk|€ Z Lo

=0

where m = k° P(|Ink|)|xg ;| for some polynomial P. Therefore A,_,(p,q) = co when 3 > a.
|

Proposition 5 Let F((xq.¢)) = ((Ya,r)) be a Bilipp,, map. Then for all (e, ¥)

1. F preserves foliations by

Uae=span{ | J Ba,}-
(B.3)<(a.0)

2. The image coordinates yq¢ are given by
Yot = fot(X8,5)(8,5)>(ar0)

where fo0, when considered as a function of X, s bilipschitz with respect to the usual
Fuclidean metric.

Proof. The first claim follows from Lemmas 3 and 4. For the second claim, let (a,¢) + 1
be the smallest index bigger than (a,f). Take two points p,q belonging to the same Uy ¢)41
coset, but differing in the («, £)-th coordinate. By the first claim, we know that F(p), and F(q)
belong to the same U, ¢)41 coset as well. By Lemma 4

Aa,@(pa C]) = ‘Xa,él



and
Do o(F(p), F(q) = lyael,

and so the result follows from Lemma 3. H

Lemma 6 Suppose p and q differ only in the xg ; coordinates. Then for all (a, ) < (5,7),

|fa,£(p) - fa,@(q” < E(|X37j|)

where fo ¢(p) is the (o, £) coordinate of F(p), Xg; = p —q and Z is a nondecreasing function
that goes to zero as its input approaches zero.

Proof. To aide with the exposition we will define
Y (xp,5) = max{|t! /jlxs,; "7, [ /(G = Dlxp |7, x50}

where t = In(Dps(p, q)). Note that when p and ¢ differ only in the xg ; coordinate Dy (p, q) =
T(xg,,). Since in general
D (F(p), F(q)) < KDum(p,q)

then when p and ¢ differ only in the xg ; coordinate
Du(F(p), Fq)) < KT(xp,5)-
However, we also have

1k—2¢
Das(F(®). F@)" = foto) = o)+ D0 (D" i fasld) = fous(@)

I<k<ly

where t —e <t/ < t+¢€ and {, is the size of the largest Jordan block with eigenvalue « (in other
words the largest nilpotence degree associated to the eigenvalue «). Combining the above two
inequalities we get

t/k—é
| fae(P) = fae(@)| < KO T(xp5)" + ) | =i Sar(P) = far(@))]- (2)

E<k<lo (k-0

Note that when ¢ = ¢, then

| fae(p) = fae(@)] < KT (xp5,7)"

Claim: Y(xg ;) is non decreasing and goes to 0 as |x3 ;| — 0.

The claim can be verified by a simple calculation and therefore, when p and ¢ differ only in the
xg,; coordinate and £ = ¢, we can take

E(xp,5) = K*T(xp,5)".

At this point note that Y(xg ;) = Dar(p, q) = €' so that if Y(xg ;) — 0 then [¢|*Y(x5,) — 0
for any s. We can proceed inductively to show that we can find a function Z(xs ;) such that

|fo¢,€(p) - fa,l(q)‘ < E(Xﬁ,j)

with the property that [t|°E(xs;) — 0 as |xg ;| — 0 for any power of [t|. We assume that for
k>t

|foc,k(p) - foc,k(Q))‘ < E/(Xﬁ,j)-



where Z' is a map with the above desired properties. By inequality 2 we have that

1k—¢
Fut®) = farl@)] < K°T(xg;)"+ 3 |ﬁ<fa,k<p>—fa,k<q>>|
L<k<lq, ’
6k7£
< KC(xp )"+ > %E’(xﬁ,j).
I<k<t, ’

Therefore setting

(It +e)**,

E(xg,) = K*T(xp)" + Y =) E'(xs,5)

1<k<lq

gives us the desired bounding map. H

2.4 Relating (R", D)) to 0G ;.

To understand the connection between Dy, and G we need the notions height-respecting isome-
tries and quasi-isometries of Gj;. We define a height function h : Gy — G by setting
h(t,p) =t for each (t,p) € Gpr. We say f is a height-respecting isometry (resp. quasi-isometry)
if it permutes level sets of the height function (resp. permutes level sets up to a bounded dis-
tance). This condition actually ensures that f induces (resp. induces up to a bounded distance)
a translation map on the height factor. In this section we show that a height-respecting quasi-
isometry of Gy induces a QSimp,, maps of dGp;. This argument also appears in [Dy] for the
diagonalizable case.

Lemma 7 A height-respecting quasi-isometry (resp. isometry) of Gy induces a QSimp,, map
(resp. Simp,, map) of 0Gp ~ R™.

Proof. Since a height-respecting quasi-isometry ¢ of Gj; necessarily sends vertical geodesics
to (bounded neighborhoods) of vertical geodesics (see [EFW1]), ¢ induces a well defined map
F on 0Gy ~ R. Tt follows that if T (resp. T") is the height at which the vertical geodesics
emanating from p and ¢ (resp. F(p) and F(q)) are at distance one apart then

1M~ (p - q)l| = O(1) if and only if ||[M~T" (F(p) — F(q)) || = O(1).

Now a height-respecting quasi-isometry is the composition of an isometry and a quasi-isometry
that fixes the identity and sends height level sets to bounded neighborhoods of height level sets.
It follows that there is a constant a (depending on the isometry) and some € (depending on the
additive constant of the quasi-isometry) such that

TH+a—e<T' <T+a+e.

This implies that

and so
e e"Duy(p,q) < Du(F(p), F(q)) < e‘e"Du(p, q)

by the definition of Dy;. ®



3 Proof of Theorem 1

For the most part, the proof of Theorem 1 in the case when M is nondiagonal is very similar to
the proof when M is diagonal. In this section, we will give an outline of the proof of Theorem
1 and only fill in the details when the proofs of the two cases differ. For a complete proof of
Theorem 1 see [Dy].

Given a matrix M we coordinatize V' ~ R™ as before, according to eigenspaces and nilpo-
tencey degrees and write x = (Xq,¢). We know by Property 1 of Proposition 5 that any QSimp,,
map G has the triangular form

G((Xat)) = (goe((Xp.5)8,5>a.0))-

To bring our notation closer in line with the notation in [Dy] we assign a number to each pair
(o, £) according to the prescribed order, and we write instead ((Xq.¢)) = (X1,...,X%,) and

G(X1,. ., %xr) = (1(X1y oo, Xp), o ooy Gr(X4)).

Note that by Property 2 of Proposition 5 each map g¢;(x;,...,X,) is bilipschitz in x;. Further-
more, if we restrict to the map

Gi(Xiy ooy Xr) = (9i(Kiy o+ oy X )y oo oy Gr(X1))

then G; is a QSimp,, map for some matrix M;. (It is easy to write down this matrix but we
will not need its exact form so we will not do so here). This allows us to set up an induction
argument in the same way as is done in Section 3 of [Dy].

The base case is to consider

Gr(xr) = (gr(xr))-

This action of G is a uniform quasisimilarity action on V/(©!-{V;) ~ V,. Therefore we can
conjugate this action to an action by similarities (see [Dy]). To set up the induction step we
write our map as

G(x,y) = (9y(x),9(y))

where we assume that g(y) is an ASimp,, for the appropriate M’ and gy is bilipschitz in x.
In fact this is all that is needed to prove the following proposition which is really the first part
of the induction step of Theorem 2 in [Dy] (Theorem 1 here.)

Proposition 8 Let G be a group of QSimp,, maps that have the form

G(x,y) = (9y(x),9(y))

where g(y) is an ASimp,,, for the appropriate M' and that gy (x) is bilipschitz in x. Then there
exists a QSimp,, map F such that each

G e FGF—!

acts by QSimp,, maps of the form
G(xy) = (3y(%),5(y))

where Gy is now a similarity as a function of x and §(y) is still an ASimp,, map.

The proof of this proposition follows Section 3 up to Section 3.5 in [Dy]. The only observa-
tion that needs to be made is that the standard dilitation d;(x) which in [Dy] was d;(x) =
((t*x;)1<i<r) but now is d;(x) = M™!(x). (Note that the two definitions coincide if M is
diagonal.)



Uniform constants. After Proposition 8 we have an action of G by maps of the form

G(x,y) = (A\yAy(x+ By), 9(y))

where Ay, € R and Ay is a rotation matrix. We need to remove the dependance on y of A and A.
Again, as long as we interpret §; as M'™? we can use the same proof for uniform multiplicative
constant as in [Dy]. The proof for uniform rotation constant, however, needs to be modified
slightly, so we present it here.

Uniform rotation constant. At this point, we have a group G where each element has the
form

G(x,y) = M*(gy(x),9(y)) = M*(Ay(x + By), 9(y)) 3)

where Ay € O(n), and g(y) is an ASimp,,, map, and some s € R depending on the group
element G € G. The goal of this section is to show that A, does not depend on y. We do this
by showing that if Ay # A, then G is not a K-QSimp,, map.

Proposition 9 Let G(x,y) = M*(Ay(x + By),9(y)) be a K-QSimp,, map as above. Then
Ay = Ay forally,y' € ®_; 11V}
Proof.  Suppose that for some y,y’ we have A, # Ay,. Then we can pick a sequence
z; € ©j_,Vj such that
|AyZi — Ay/Zi| > n;
for a sequence of n; — co. Next, for each 4, pick x;, X} such that x; + By = z; and x4+ By = z;.

Note that
X; — X, = By, — By,.

Specifically, the distance between x; and x; depends only on y and y’ and not on i. We will use
&(y,y’) to denote any function that does not depend on i. With this notation we write

DM((Xi’ Y)> (X;’ y/)) < f(Y7 yl>'
On the other hand, we also have that

|Ayzi - Ay’zi| 6751)M (G(Xia y)7 G(x/iv y,)) + E(Ya y/)
KDy((xi,), (x5 y") + &y, ")

£y, y').

IAINCIA

But this is impossible. W
Technically, using the structure of M we should be able to show more here (in the non

diagonal case certain directions are tied in with each other) but this will be unnecessary for our
main application so we will not include it.

4 Application: Quasi-isometric Rigidity.

In this section we consider Gj; >~ R x R™ where M is a matrix with det M = 1 that can be
conjugated to a matrix of the form
M,
( Mul)

such that both M; and M, have eigenvalues of norm greater than one. Using Theorem 1 we
prove the following theorem

10



Theorem 10 Let I be a finitely generated group quasi-isometric to Gyr. Then T is virtually a
lattice in Gpja for some a € R.

The outline of proof follows the diagonal case exactly. By [EFW] and [P], T quasi-acts by height-
respecting quasi-isometries on Gj;. Therefore T' acts by QSimDMl maps on 0;Gy =~ 0Gyy,
and by QSimp,, maps on 0,Gpr ~ 0G )y, . Following Section 4.1 in [Dy] these actions can be
conjugated to an action of I' on Gy by almost isometries (see [Dy] Section 4.1 for more details.)
This is where Theorem 1 is used. In Section 4.2 of [Dy] the problem is reduced to studying a
proper quasi-action of a subgroup N/ C T' on R" by Bilipp,, maps of the form

(X150, %p) = (X1 + Bi(X2, ..., %), X2 + Ba(X3, ..., %), .., X + By).

This reduction is the same in the nondiagonalizable case.

The next step is to show that any group acting in such a manner must be finitely generated
polycyclic. To prove this, [Dy] uses bounds on the B;’s and induction. In the diagonalizable case
the bounds on the B;’s are simply Holder bounds but in the nondiagonalizable case the bounds
are more complicated. The following lemma provides the bounds in the non-diagonalizable case.

Lemma 11 Lety = (Xiq1, - ,%X;) and y' = (X, -+ ,X,.). Then
Bi(y) = Bi(y') < Zilly —¥'])
where Z; is some function with the property that Z;(w) — 0 as w — 0.
Proof. Suppose v € N. Set p = (x,¥),q = (x,y’) and note that the ith coordinate of vp — vq
is B;(y) — B;(y’). The result follows by applying Lemma 6. ®

Now, as in Lemma 22 from [Dy], we derive even stronger bounds using the group structure

of V.
Lemma 12 Ify € N then B;,(y) is bounded as a function of y and
|Bin(y) = Bin(y')| < €y
where €; , 15 a bound that depends only on K and on the bounds for the functions B; ., for j > i.

Proof. We will work by induction. The case ¢ = r is clear since B, is a constant. We now
assume the above statements hold for j > ¢ and prove it for ¢ = j. In other words, we assume
that for j > 7 there is some constant B}** such that B;,(y) < Bj\** for all y. To aide with
notation let x = (x1,- -+ ,%;). Then we can write

(Xla"' )X’I") = (Xay)'

For v € N we have
’Y(X,y) = ( c X +Bm(}’)»' )

and
Y'(%,y) = (X + Bign(y),- ).
By an abuse of notation we will also write
VY = (Xip1 + Biv1y(Xig2, X)X + Bry).

First notice that

Du((x,y), (x,7y)) < max{lzk, Y} =x(Bj(y))

IA

maX{|Zk' B )|} = x(Bjy").
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The second inequality follows by induction. Note that since the B; (y) are bounded then so is
t since t = In(Dp((x,y), (x,7y))) is a function of the B; ,(y). The exact bound is unnecessary.
All we need to know is that x is a monotonic function with y(w) — 0 as w — 0. We will use
X to represent any function with these properties. Next we list two observations that will be
useful in the calculation that follows:

B; yn (y) = Bi,'y(Y) + Bi,’y(’yy) T Bi,'\/(’yn_l}’)a (4)
Dy (7" (%,y), 7" (%,7y)) < KDu((x,y), (x,7y)) < Kx(Bj5™). (5)
Equation 4 allows us to write
|Biy(¥) = Biy(Y"Y)| = |Biyn (y) — Biyn (7y)]
and combined with Equation 5 we have

rT—i Lk

1Bin(y) = Bia1"y) + Y 11 Biskeay) = Bisea(1"¥)] < K Dar((x,3), (x,7))"
k=1

In this case t = In(Dn (7" (x,¥), 7" (%,7y))) < In(Kx(B}5®)) by equation 5. This allows us to
derive the following estimate:

) o tk N
KDy ((%,y), (X»’YY)) B Z E|Bi+k +(¥) = Bitry(Y"Y)|

|Bin(y) — Bin(7"y)l <
a; max\o; (Bmax)) n
< K x(B L+§ |Bivkn () = Bivkr(Y"y)]
(% max\ ln KX Bmax)) max
< Kx(BrEm)i 4+ | B |

/
< X(BjY x)-
Again, X’ depends only on BJ"** for j > i.

Now by the previous lemma we know that for arbitrary y and y’

|Bin(y) + Bin(vy) - Biny(¥" " 'y) = Bin(y') - — Biy(¥ 1Y)

|Bi77" (y) - B m (y/)|
Eilly = y'])-

IN

We also know that for all s
|Bin(v°y) — Biy(y)| < X' (BJ%®)

and
|Bin(Y°Y') = Bin(y')| < X' (BJy*)

so that
InBi(y) — nBi~(y)| < EZi(ly — ¥'|) + 2nx(B]4*)

for all n. In particular

Zi(ly —y'l) mas
|Bi,“/(y) - Bi,'y(y/)| S f + 2)(/(3]-’7 )

so that as n — oo
[Bis(y) — Bin(y')] < 2 (BJ").

12



The above lemma is the only ingredient needed to show that I' is polycyclic. Once we know
that T' is polycyclic we know by work of Mostow [M] that T" is (virtually) a lattice in some
solvable Lie group L. Section 4.3 in [Dy] combines work of [Co, F, Ge, Gu, O] to show that
L ~ R x s R™. Finally, the proof is finished by Theorem 5.11 from [FM2] which concludes that
M’ has the same Jordan form as M“ for some « € R.

References

[Co] Cornulier, Y., Dimension of asymptotic cones of Lie groups, to appear in J. of Topology.
[Dy] Dymarz, T., Large scale geometry of certain solvable groups, to appear in GAFA

[EFW1] Eskin, A., Fisher, D., and Whyte, K., Quasi-isometries and rigidity of solvable groups,
to appear Pur. Appl. Math. Q.s

[EFW2| Eskin, A., Fisher, D., and Whyte, K., Coarse differentiation of quasi-isometries I:
Rigidity for Sol and Lamplighter groups, to appear.

[EFW3] Eskin, A., Fisher, D., and Whyte, K., Coarse differentiation of quasi-isometries II:
Rigidity for Sol and Lamplighter groups, to appear.

[FM1] Farb, B., and Mosher, L., Quasi-isometric rigidity for the solvable Baumslag-Solitar
groups 1T, Invent. Math. 137 (1999), 613-649.

[FM2] Farb, B., and Mosher, L., On the asymptotic geometry of abelian-by-cyclic groups, Acta
Math. 184 (2000), 145-202.

[F] Furman, A., Mostow-Margulis rigidity with locally compact targets, Geom. Funct. Anal.
(GAFA) 11 (2001), 30-59.

[Ge] Gersten, S.M., Quasi-isometry invariance of cohomological dimension, Comptes Rendues

Acad. Sci. Paris Serie 1 Math. 316 (1993), 411-416.

[Gu] Guivarc’h, Y., Sur la loi des grands nombres et le rayon spectral dune marche aléatoire.
Ast. 74, Soc. Math. France, (1980), 47-98.

[H] Heintze, E., On homogeneous manifolds of negative curvature. Math. Ann. 211 (1974),
23-34.

[HP] Hersonsky, S., and Paulin, F., On the rigidity of discrete isometry groups of negatively
curved spaces. Comment. Math. Helv. 72 (1997), no. 3, 349-388.

[M] Mostow, G., Representative functions on discrete groups and solvable arithmetic subgroups,
Amer. J. Math. 92 (1970), 1-32.

[O] Osin, D., Ezponential Radicals of Solvable Lie Groups, J. Algebra 248 (2002), 790-805.

[P1] Peng, 1., Coarse differentiation and quasi-isometries of a class of solvable Lie groups I,
Preprint.

[P2] Peng, 1., Coarse differentiation and quasi-isometries of a class of solvable Lie groups II,
Preprint.

[T] Tukia, P., On Quasiconformal Groups, Journal d’Analyse Mathematique, 46 (1986), 318-
346.

[Ty] Tyson, J., Metric and geometric quasiconformality in Ahlfors regular Loewner spaces,
Conform. Geom. Dyn. 5 (2001), 21-73.

13



