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Abstract

In this paper we provide the final steps in the proof of quasi-
isometric rigidity of a class of non-nilpotent polycyclic groups. To
this end, we prove a rigidity theorem on the boundaries of certain
negatively curved homogeneous spaces and combine it with work of
Eskin-Fisher-Whyte and Peng on the structure of quasi-isometries of
certain solvable Lie groups.

1 Introduction

A class of finitely generated groups C is said to be quasi-isometrically rigid
if any group quasi-isometric to a group in C is also in C (up to extensions of
and by finite groups). In this paper we provide the final steps in the proof
of the following theorem.

Theorem 1 [EFW1] Suppose M is a diagonalizable matriz with det M = 1
and no eigenvalues on the unit circle. Let Gpy = R xpyy R™. If T' is a
finitely generated group quasi-isometric to Gpy then I' is virtually a lattice
in R X R™ where M’ is a matriz that has the same absolute Jordan form
as M for some o € R.

The absolute Jordan form differs from the usual Jordan form in that com-
plex eigenvalues are replaced by their absolute value. The group Gy is a
solvable Lie group and therefore admits only cocompact lattices. Therefore,
in the language of quasi-isometric rigidity, Theorem 1 says that Cps, the
class of lattices in groups G ;s where M’ has the same absolute Jordan form
as some power of M, is quasi-isometrically rigid.
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Lattices in Gy are examples of (virtually) polycyclic groups. By a theorem
of Mostow [Mo], any polycyclic group is virtually a lattice in some solv-
able Lie group and conversely any lattice in a solvable Lie group is virtually
polycyclic. So Theorem 1 is a step towards proving a standard conjecture,
first officially stated in [EFWI1], that the class of all polycyclic groups is
quasi-isometrically rigid.

Theorem 1 was first conjectured by Farb-Mosher in [FM3] and first an-
nounced by Eskin-Fisher-Whyte in [EFW1]. In the special case when M
is a 2 X 2 matrix, Gy is the usual three dimensional Sol geometry. Quasi-
isometric rigidity of lattices in Sol was the first breakthrough in the study
of quasi-isometric rigidity of polycyclic groups. The proof can found in
[EFW2, EFW3|.

The first step in proving Theorem 1 is the following theorem which was
proved in the special case of Sol in [EFW2, EFW3] and in full generality by
Peng in [P1, P2].

Theorem [EFW1] Suppose M is a diagonalizable matriz with det M = 1
and no eigenvalues on the unit circle. Let Gpy = Rx 3y R™ and let h: Gy —
R be projection to the R coordinate. Then every quasi-isometry of G per-
mutes level sets of h up to bounded distance. (We call such a map “height
respecting”.)

In the case of Sol, the second step in proving Theorem 1 is Theorem 3.2
in [FM1]. For the general case, the second steps in proving Theorem 1
are the main results of this paper (Theorem 2 and Proposition 3 below).
Theorem 2 involves studying maps of (R"™, D) where D denotes a “metric”
on R" ~R™ G R™ @ --- D R™ of the form

D(z,y) = max{lz1 — 1|V, e — g0}

where 0 < a; < 41, and x4, y; € R™. We consider QSimp(R™), the group
of quasisimilarities of R™ with respect to the metric D. A quasisimilarity is
simply a bilipschitz map F' that satisfies

Ki1D(z,y) < D(F(z), F(y)) < K2D(,y)

where we keep track of both K1, Ko. A uniform group of quasisimilarities
is one where the ratio Ko/ K is fixed. If Ko/K; = 1 we call F' a similarity.
We also consider ASimp(R™), the group of almost similarities of R™. An



almost similarity is a similarity composed with an almost translation, a map
of the form

($15$27”' 7331") = ($1+B1($27"' 7$T)>$2+BQ(m3v"' 71"7’)3"' axr_'_BT‘)

that is also a QSimp map. For more information on the maps B; and other
definitions see Section 2.3.

The main theorem of this paper is the following:

Theorem 2 Let G be a uniform separable subgroup of QSimp(R™) that acts
cocompactly on the space of distinct pairs of points of R™. Then there exists
a map F € QSimp(R™) such that

FGF™' c ASimp(R™).

Geometry. Although at first sight Theorems 1 and 2 seem unrelated, there
is a geometric connection. The solvable Lie group G s has natural foliations
by negatively curved homogeneous spaces. These negatively curved homoge-
nous spaces in turn have boundaries which can be identified with the space
(R™, D). Quasi-isometries of Gjs induce @QSimp maps of (R™, D) whereas
isometries induce Simp maps, similarities, of (R, D) . We will discuss
this geometric connection in more detail in Section 2. We will also use this
connection in Section 2.6 to describe the quasi-isometry group QI(Gjs) in
terms of Q.Simp maps.

In Section 3 we prove Theorem 2. The proof of Theorem 2 is modeled after
Tukia’s theorem [T] on quasiconformal maps of S™. Tukia’s theorem states
that, for n > 2, any uniform group of quasiconformal maps of S™ that acts
cocompactly on the space of distinct triples of S™ can be conjugated by a
quasiconformal map into the group of conformal maps of S™.

Conformal structures. The key ingredient in the proof of Tukia’s theorem
is that quasiconformal maps are almost everywhere differentiable. This al-
lows one to define a measurable conformal structure on S™. For our theorem,
new ideas are needed since QQ.Stmp maps are not necessarily differentiable.
QSimp maps do, however, preserve a certain flag of foliations and along
the leaves of these foliations, they are differentiable. This allows us to de-
fine the notion of a “D-foliated” conformal structure on R™ (see Section 3.4).



Proof outline. We prove Theorem 2 by induction on the number of dis-
tinct o; occuring in D. The base case, when there is only one distinct ay,
is discussed in Section 3.1. The induction step is proved in several parts.
First, we set up the induction step in Section 3.2. In Section 3.4, we treat
the case when the multiplicity of the smallest eigenvalue is greater than one.
This case follows the outline of Tukia’s proof. When the multiplicity is equal
to one, we provide a new proof (see Section 3.3). The next two parts of the
proof of the induction step are treated in 3.5 and 3.6.

In Section 4 we finish the proof of Theorem 1. Given a finitely generated
group I' quasi-isometric to G s we use Theorem 2 and work of Peng [P2] to
get an action of I on Gjs by almost isometries (see Section 4.1 for details and
definitions). The reason the action of I on G/ is by almost isometries and
not by actual isometries is precisely because in Theorem 2 we are unable to
conjugate a uniform group of quasisimilarities into the group of similarities
but only into the group of almost similarities. If the action were actually by
isometries then we would be done (see Section 4.1). Instead, in Section 4.2,
we use the structure of the almost isometries to prove that I' is polycyclic.
The main tool we use is the following proposition:

Proposition 3 Suppose a group N quasi-acts properly on R™ by K-Bilipp
almost translations. Then N is finitely generated nilpotent.

This proposition is also used by Peng in [P2] to show that a larger class of
polycyclic groups is rigid (see also Theorem 18 in Section 4.2).

Finally, since I' is polycyclic, then as mentioned earlier, I is virtually a lat-
tice in some solvable Lie group G. In Section 4.3, we finish the proof of
Theorem 1 by showing that G ~ R x ;s R™ where M’ is a matrix that has
the same absolute Jordan form as M for some a € R.
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2 Preliminaries

In this section we collect some definitions and preliminary results that will
be used in the proofs of Theorem 1 and Theorem 2. In Section 2.1 we
collect some standard terminology whereas in Section 2.2 we introduce new
notation. In Section 2.3 we prove some facts about the structure of QSimp,,
maps that are needed in the proof of Theorem 2. In Section 2.4 we describe
the geometry of the solvable Lie groups defined in Theorem 1. Finally, in
Section 2.5 we relate Gy and QQSimp,, maps.

2.1 Standard definitions.
The following are standard definitions. For more details see for instance
[BH].
Quasi-isometry. A map ¢ : X — Y between metric spaces is said to be a
(K, C) quasi-isometry if there exists K, C such that

—C+1/K d(z,y) < d(e(z), 0(y) < K d(z,y) + C
and the C' neighborhood of ¢(X) is all of Y.

Bounded distance. We say two maps ¢, ¢’ : X — Y are at a bounded
distance from each other if there exists some C > 0 such that

sup d(p(z), ¢'(2)) < C.
zeX
Then we write d(p, ¢’) < C or d(p,¢’) < oo if we do not need to specify C.

Coarse inverse. Every quasi-isometry ¢ : X — Y has a coarse inverse
p:Y —X

which is a quasi-isometry with the property that d(@ o ¢, Idx) < oo and
d(pop,Idy) < 0.

Quasi-isometry group. Given metric space X we define the quasi-isometry
group QI(X) to be set of equivalence classes of quasi-isometries ¢ : X — X
where ¢ and ¢’ are identified if d(p,¢’) < oco. Multiplication is given by
composition.

Quasi-action. A group G quasi-acts on a metric space X if there exist
constants K,C > 0 and amap A : G x X — X such that:



e A : X — X is a (K, C) quasi-isometry for each G € G
° d(AG o AF,AGF) <Cforall G,F g

The quasi-action is said to be cobounded if there exists a constant R > 0 such
that for each x € X the R-neighborhood of the orbit G - = is all of X. The
quasi-action is proper if for each R > 0 there exists a ¢’ > 0 such that for
all z,y € X the cardinality of the set {G € G| (G- N(z,R)) N N(y, R) # 0}
is at most C’. Here N(x, R) denotes the R-neighborhood of z.

Quasi-conjugacy. If a group G is endowed with a left-invariant metric and
p: G — X is a quasi-isometry then we can define a quasi-action of G on X
by setting

Ag = pLge
where L¢g denotes left multiplication by G € G. This quasi-action is cobounded
and proper.

Word metric. Any finitely generated group I' can be viewed as a metric
space by fixing a generating set S and defining a left invariant word metric
as follows:

d(v,m) = |lv""nl| for all y,n € T
where ||7|| denotes the minimum number of generators in S required to write
7.

Quasi-isometric rigidity. A class of finitely generated groups C is said
to be quasi-isometrically rigid if whenever a finitely generated group A is
quasi-isometric to I' € C, then A is virtually in C. We say a group I" virtually
has a property P if up to extensions of and by a finite group I' has P.

Bilipschitz, similarity and quasisimilarity. A map f: X — Y between
metric spaces is said to be

e a K-bilipschitz map if
/K d(z,y) < d(f(z), f(y)) < Kd(z,y)
e an N-similarity if
d(f(x), f(y)) = N d(z,y)
e an (N, K)-quasisimilarity if
N/K d(z,y) < d(f(z), f(y)) < NK d(z,y).



2.2 The metric D), and associated maps and groups.

The Metric Dyg. Fix M an n x n diagonal matrix with real eigenvalues
e with aj41 > a; > 0. We will write (z1,...,2,) € R, with z; € R™
where n; is the multiplicity of the eigenvalue e“. Define the “metric” Dy
as follows:

Dy(x,y) = max{|er — g1V, oy — g, |0},

The map Djs is not quite a metric, as it does not satisfy the triangle in-
equality, but some power of it does. We write D instead of simply D as
we did in the introduction because Dj; will be connected with the solvable
Lie group Gy in section 2.4. These metrics were also considered by Tyson
in [Ty].

Special maps. We call a map F': R” — R" a
e Bilipp,, map if it is bilipschitz with respect to Djy,
e Simp,, map if it is a similarity with respect to Dy,
e QSimp,, map if it is a quasisimilarity with respect to Dyy.

e ASimp,, map if it is a Simp,, map composed with a almost transla-
tion, i.e. a Bilipp,, map of the form

F(z1,29,...,2;) = (x1+Bi(x2,...,z;),x2+Ba(x3,...,2y), ..., xp+By).

We write K-Bilipp,,, N-Simp,,, or (K,N)-QSimp,, if we want to keep
track of the constants. If F'is an N-Simp,, map, we refer to IV as the
similarity constant of F'.

Special subgroups. We write Bilipp,,(R") to denote the group of all
Bilipp,, maps of R™. The groups Simp,,(R"), QSimp,,(R™) and ASimp,, (R")
are defined similarly.

Uniform subgroups. A uniform subgroup of
e QSimp,,(R™) is a group of (K, N)-QSimp,, maps where K is fixed.

e Bilipp,,(R™) is a group of K-Bilipp,, maps where K is fixed.



Note that Bilipp,,(R™) and QSimp,, (R™) are equal as groups but their uni-
form subgroups are not the same. We say that G acts on R™ by QSimp,,
maps, or that we have a QSimp,, action of G on R", if there is a homomor-
phism

¢:G — QSimp,,(R").

Similarily, we can define Bilipp,,, Simp,, and ASimp,, actions.

Standard dilation. For ¢ > 0, the map
(St(l’l, L2,..., :ET') = (talxlv ta2m27 s ,tar'rT)

satisfies
D (6e(p), 0t(q)) = tDu(p, q)

for all p,q € R™. Therefore 6; € Simp,,(R™). We will call ¢; the standard
dilation of R™ with respect to Djy.

2.3 Properties of ()Simp,, maps.

In this section we examine the structure of ()Simp,, maps. Recall that a
QSimp,, map is simply a Bilipp,, maps composed with Simp,,. Proposi-
tion 4 can also be found in [Ty], Section 15.

Proposition 4 A Bilipp,, map has the form

(w1, 22, s 2r) = (fr(@r, - @), fr(zr)

where fi(x;, -+ ,x,) is bilipschitz as a function of x; with respect to the
standard metric on R™ and, for | > i, is Hélder continuous in x;, with
exponent o;/ay.

Proof. For two points p,q € R™ define Ag(p,q) > 0 to be the infimum over
all finite sequences {p;}", where p = py and ¢ = p, of

j=0
m
> [Du(pj-1,95))°
j=1
For each 1 < ¢ < r define
D; (z,2') = max{|zs — x'1|1/°‘1, ey | — :U;_1|1/°‘i*1},and
Df (z,a') = max{la; — 2|V, |z, — alVor},



p2=q=(2",y)

p1= ($},y1)
2
Ba(po,p}) = lim 37— =0
ko0 £~ [3/2
o z | As(pisp1) = [y — yl
p=po = (z,9) P

Figure 1: Here Dy;(p,q) = max{|z — JU/|1/2, ly — Z/,‘l/g}

so that we can write

Dy(z,2') = max{D; (x,2), D (z,2")}.

Lemma 5 A, (p,q) =0 if and only if p,q € R™ may be written in the form
p=(z,y) and ¢ = (z',y) where y = (i, -+, zy).

Proof.  Suppose p = (z,y) and ¢ = (2/,y) where z = (21, - ,2;-1) and
' = (2}, - ,2,_;). For k > 0 pick p; = (x;,y) such that |z;_ —z;| = 1/k.
Then

(Dot (pj—1,p)]™ = [Df (w1, 25)]% < 1/k/
where oy < «;. Hence

m m

i S (Dupy- o)1 < Jim > =0
j=1 =1
Conversely, suppose p = (x,y) and ¢ = (2/,y') where y # y/'. (See figure 1
above.) Given an arbitrary sequence {p; = (z;,y;)}, define a new sequence
by inserting a point pj» = (x,yj—1) between p;_1 and p;. Now p;_; and p;
have the same second coordinate and therefore Aq, (pj—1,p;) = 0. Also, p;
and p; have the same first coordinate so

(D (], )1 = [Di (y—1,y;)]*



We refine our sequence further by inserting points between p;_; and p; as
above to form a sequence {g;} such that

m
> Dapj-1,p))% + € =Y [Du(gj-1,4)]* = Y _[Df (yj-1,9)]* >0
7j=1

demonstrating that A, (p,q) >0. =

Now suppose F'is a K-Bilipp,, map. Then, given a sequence points {¢; }/",
in R", where qo = F(p) and ¢, = F(q), define a sequence {p;} such that
F(p;) = q;- By definition we know that for all 5 > 0

. ZDM piosspl’ < S Du(F ) )] < KD [Dupica, )

]:
and therefore by the definition of Ag
1
25 28(P.0) < Dp(F(p), F9)) < K7 A(p, q).

This shows, by Lemma 5, that F'(z1,--- ,x.) = (fi(x1, - ,2p), -+, fr(xy)).
Furthermore, the proof of Lemma 5 shows that

Aai((l’l,"' y Ljy Li41y" " 7x7’)7($/17”' ) 'vaz-i—la ,xr)):|xl—xﬂ
so that fi(x;, -+ ,x,) is K% bilipschitz with respect to z;:
1 .
ﬁk‘vi - lﬂ < |fi(xi7$i+1v e 7xT) - fi($;,l‘i+1, o 7$T)| < Kal|xi - l‘;|
Also, to see that f;(x;,---,z,) is Holder continuous in z; with exponent

a;/oy for I > i, we fix x; where j # [ and let

Y= (x'iJrla"' S Tp, ’xr)’ y’: ($i+1,"' ,$2,"' ’xr)‘
Then
Dy (F(ay, - xiyy), Flzn, -, 20,y) =
max{---, |fi(xi,y) = filwi, )|V} < Klay — ag]
and so

\fi(winy) — fizi,y')] < Koy — xj| @i/

which demonstrates that f; is Holder continuous. =

As a consequence of Proposition 4, we get the following corollary:

10



Corollary 6 Simp,,(R™) consists of maps which are the composition of a
standard dilation o; along with a map of the form

(x1,x2,...,2p) — (A1(z1 + B1),y ..., Ap(zr + By))
where A; € O(R™) and B; € R™.

Proof. Let F be a Simp,, map. Then for some ¢t € R, Dy(F(p), F(q)) =
tD(p, q) for all p,q € R™. If we write p = (z1,...,,) then by Proposition 4

Fp)=(fi(z1,.-yxr), ooy filiy. o ympe), ooy fr(zy))

where f; is a similarity of R™ with similarity constant ¢t*:. Therefore f; has
the form

fi(xia cte 7:1;7’) = taiA(xiJrl,..‘,{l‘r)(

where A, 2y € OR™) and B,,,,, . ») € R". Now by Proposition
14 in Section 3.6 we can conclude that A, , . . does not depend on
(Tit1,- .., 7). Wewill show that B, | . ., )isalso fixed for all (zit1,...,2,).
First, consider f; and suppose that B, . .,) # Biy,... ). Then pick 21, )
such that for all j # 1 we have

l’i—i—B(

xi+17~--a1'r))

-----

|2y — 24| > |ay — |
and

|f1($1,.. . 7~T7“) - fl('r/l»"'?x;)’l/al 2 |fj(xj7 7537") - fj(x;‘w"vx;”l/aj'

This is possible because f; does not depend on x1 for j # 1. Then we would
have the contradiction

|21 — 2% 4+ Blay,....2,) — Biat,..apy| = 21 — @1,
Now suppose for j < ¢ that each f; does not depend on z; for all [ > j.

Then we can repeat the above argument to show that B does not
depend on (xj41,...,2,). W

xi+1:~~~733'r)

2.4 Geometry of the solvable Lie group G,.

We will briefly describe the construction and geometry of the solvable Lie

group
Gy =R xpy R?

11



from Theorem 1. Then we will describe the notions of height respecting
quasi-isometries of Gj; and define a boundary for G,.

Geometry. After squaring M if necessary, we can ensure that M lies
on a one parameter subgroup M! in GL(n,R). Then the group G); has
multiplication given by

(t,z) - (s,y) = (t + 5,2 + M'y)

for all (¢,x),(s,y) € R xpr R”. We endow Gy with the left invariant Rie-
mannian metric given by the symmetric matrix:

(6 o)

where Qpr(t) = (M~H)TM~t. For each t, this metric gives us a distance
formula
di(z,y) = [|M " (z —y)]|.

In fact, it is possible to define G; not only when det M = 1 but also for
any matrix M with det M > 0. When M is a scalar matrix Al with A > 1,
the group Gy is isometric to hyperbolic space with curvature depending on
A. When M has all eigenvalues greater than 1 (or all eigenvalues less than
1), the group Gy is a negatively curved homogeneous space. When M has
eigenvalues both greater than, and less than 1, as in the case of Theorem 1,
Gy admits two natural foliations by negatively curved homogeneous spaces,
one arising from the eigenvalues greater than one, and the other arising from
the eigenvalues less than one. For more details see Section 4 from [FM2].

Absolute Jordan form. Any lattice in Gjs is also a lattice in in the
isometry group of Gy; where M is the absolute Jordan form of M (see
[FM2] for details). Therefore, we will replace M with its absolute Jordan
form and reorder the eigenvalues so that

M,
w1

where M; is an n; X n; matrix with diagonal entries e®¢ with ;41 > o; >0
and M, is an n, x n, matrix with diagonal entries €% with ;41 > 3; > 0.

Consider Gjps with the coordinates (t,x1,---xy, 21, -+ ,25). Now the Rie-
mannian metric on Gy is given by

dt? + e 2tdy? .oty 4 2Pl 4 g 20502

12



Negatively curved homogeneous spaces. If M = M; or M = M, ! then
G is a negatively curved homogenous space. Otherwise, for each fixed
z = (z1,...,25) we obtain a totally geodesic embedded negatively curved
homogeneous space isometric to Gy,. If we vary z then we get a foliation of
G by spaces isometric to Gpy,. Call this foliation F;. Similarly by fixing
x = (x1,...,x,) and replacing t by —t we get another foliation; this time by
spaces isometric to Gy, . Call this foliation F,.

Height respecting. Let h : R x5 R — R be projection onto the first
factor:
(t, 1, ... Tpy21,...,25) — L.

We will call this the height function and call t the height of the point
(t,z1,...Tp,21,...,25). A quasi-isometry of Gy = R xpy R™ is height re-
specting if it permutes the level sets of h, up to bounded distance. By
proposition 5.8 in [FM2], a height respecting quasi-isometry induces a map
that is a bounded distance from a translation on the height factor.

Key Theorem. The main ingredient in the proof of Theorem 1 is Eskin-
Fisher-Whyte’s Theorem 2.2 in [EFW1] which states that if det M = 1 then
all quasi-isometries of Gj; are height respecting. The proof of this theorem
can be found in [P2].

Vertical geodesics. We say £ € Gy is a vertical geodesic if it is one of
the form £(t) = (—t,a1,---ap, by, -+ ,bs) or &(t) = (t,a1,---ap, by, - ,bs).
In the first case we say £ is downward oriented; in the second case we say &
is upward oriented.

Boundaries. If M has all eigenvalues greater than one then G, is a neg-
atively curved homogeneous space and so its (visual) boundary is simply
S™. However, since all of the maps we are interested in fix a common point,
we can make the identification 9Gy; ~ R™. Another way of describing this
boundary is to identify 0G,; with the space of vertical geodesics in Gay.
Even when G is not negatively curved, we still have a useful notion of a
boundary for Gjs. The lower boundary 9;Gjs (upper boundary 0“G ) can
be defined as equivalence classes of vertical geodesic £ which are downward
oriented (upward oriented). Two downward (upward) oriented geodesics
&, & are equivalent if dg,, (£(t),€'(t)) — 0 as t — oo.

Boundary maps induced by quasi-isometries. In Section 2.5 we will

13



show that if M is a diagonal matrix with all eigenvalues greater than one
then any height respecting quasi-isometry of Gjs induces a QSimp,, map
of 0G .

For general Gjs, we use Proposition 4.1 from [FM2]| which says that any
height respecting quasi-isometry ¢ of Gjs is a bounded distance from a
quasi-isometry which preserves the two foliations F; and F,. So if ¢ is a
height respecting quasi-isometry that maps L € JF; to within a bounded
distance of L' € F; then there is an induced map @ : L — OL’. Since
L is isometric to Gy, and since ¢ is a height-respecting quasi-isometry,
P is a QSimDMl map. Note that since L is isometrically embedded and
totally geodesic in Gjp; then 0L C 9;Gps. To see that the opposite inclu-
sion also holds, note that for any downward oriented vertical geodesic ray
&(t) = (0, 20, —t) there is a downward oriented geodesic &' (t) = (z,, 2,, —t)
contained in L and at a bounded distance from &. Therefore we can identify
0L with 0;G s and so a height respecting quasi-isometry induces a Q.Simp M,
map of 0;Gps ~ R™. Similarily, a height respecting quasi-isometry induces
a QSimp,, map of 9,Gp ~ R"™.

2.5 Relating (R", D)) to G ,.

In this section, let M be a diagonal matrix with all eigenvalues greater
than one. Recall that this condition on the eigenvalues ensures that Gy
is a negatively curved homogeneous space. We show how to relate height
respecting quasi-isometries of Gy with QS7mp,, maps of R".

Lemma 7 A height respecting quasi-isometry (resp. isometry) of Ga in-
duces a QSimp,, map (resp. Simp,, map) of Gy ~ R™.

Proof. Given two points p,q € R™, let ¢t be the height at which the two
vertical geodesics emanating from p and ¢ are at distance one apart. Now
at height ¢t the distance between p and ¢ is given by

di(p,q) = [IM ™ (p — g

where Mt is the n x n diagonal matrix

et 0 - 0
At 0 e~toz ... 0
0 0 e tor

14



and so
—tay,

dt(pa(:Z) :max{e_t(ll|x1 *y1|"" € |x7“*y7“|}
Now, if this maximum occurs in the ith coordinate then we have

e iz —y| =1

and so

e = |z — il /.

Setting Dy (p, q) = !, we get that

DM(p’ q) = maX{|ﬂjl - y1|1/a17 ) |CUT - yr|1/ar}-

A height respecting isometry maps level sets of height ¢ to level sets of height
t 4+ a. Therefore, if ¢ is the boundary map induced by this isometry then

D ((p), ¢(q)) = €'+ = e"Dur(p, q)-

A height respecting quasi-isometry, after composing with a height respecting
isometry, induces a map which is at a bounded distance from the identity
on the t coordinate. Let ¢ be this bound. Let F' be the boundary map
induced by a height respecting quasi-isometry and ¢’ is the height at which
the vertical geodesics emanating from F'(p) and F'(q) are distance one apart.

Then
t—e<t' <t+e.

Hence, /
e el < el < efel.

Since dy (F(p), F(q)) = 1, for some j we have e "% |z; —y;| = 1 and so

e = |uj — sl V.
Therefore,
1/K" Dyv(p,q) < Du(F(p), F(q)) < K" Du(p, q)

where K’ = ef. Thus F is a QSimp,, map as required. ®

Boundary versus Gp. Lemma 7 allows us to view a group that acts
on Gjr by height respecting quasi-isometries as acting by QSimp,, maps
on R" ~ 9G)y. In fact, the proof of Lemma 7 shows that a (K, C)-quasi-
isometry that induces the map ¢t — t + a on the height factor induces a
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(e, K")-QSimp,, map of R" where K’ depends only on K and C.

Defining a quasi-action. The converse to Lemma 7 is also true. If G is a
QSimp,, map of R" then for any a € R

¢([B1,"' 7'%.7‘7t) - (G(xlu 7:[;7‘)7 t+a)

is a quasi-isometry of Gjs. The quasi-isometry constants of ¢ depend on
the @Simp,, constants of G as well as on a. In particular, if G is a (N, K)-
QSimp,, map then for a = log N the map ¢ is a (K, 1) quasi-isometry of
G-

Space of distinct pairs. However, if our goal is to define a quasi-action on
G by a uniform group of QSimp,, maps then this formula is insufficient.
The problem with defining a quasi-action using this method is that you have
to know the QSimp,, constants in order to define ¢ and these constants are
not unique. To facilitate going back and forth between groups acting on the
space Gjr and 0G s, we define the following space:

This is the space of distinct pairs of points of R™. We define a map
p:P— Gu

as follows: for any (p,q) € OGjs consider the vertical geodesics in Gy
emanating from p and q. At some height ¢,, these two geodesics are distance
one apart. Define p by setting p(p,q) = (p,t,). This map is onto and has
compact kernel. Furthermore, if ¢ is a height respecting quasi-isometry
of Gy and F' is the induced QSimp,, boundary map, then there exists a
constant C, depending only on the quasi-isometry constants of ¢, such that
for all (p,q) € P

day (¢(2), p(F(p), F(q))) < C

where p(p,q) = z € Gy, and dg,, denotes distance in Gps. In this way,
any uniform group of QSimp,, maps that acts cocompactly on the space of
distinct pairs of points of R™ can also be treated as a group which quasi-acts
coboundedly on Gy by height-respecting quasi-isometries.

2.6 The quasi-isometry group QI(Gy)

In this section we return to the case where M is a diagonalizable n x n matrix
with det M = 1. We will describe the quasi-isometry group QI(Gas).
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Proposition 8 Up to finite index,
QI(GM) ~ QS’l‘mDMl (Rnl) X QSZ‘mDMu (Rn“)
where M; and M, are as defined in Section 2.4.

Proof.  From Section 2.4 we know that any quasi-isometry ¢ : Gy —
Gu induces a QSimp,, map Gy of R" and a QSimp,,, map Gy of R".
Furthermore, if two quasi-isometries are a bounded distance apart then they
induce the same maps G; and G,. If two quasi-isometries are not at a
bounded distance then they induce different boundary maps. Therefore we
have an injection

QI(Gun) = QSimp,, (R™) x QSimp,,, (R™).

To see that this map is actually onto we can use the same ideas as in Section
2.5. Namely, given any G; € QSimp,, (R™) and G, € QSimp,,, (R"™) we
can construct a quasi-isometry ¢ of Gps by setting

d(z, 2, t) = (Gi(x), Gu(2),1).

Finally, note that if M; = M, then Gj; has an extra isometry: (z,z,t) —
(z,x,—t) so that in this case

QI(GM) ~ QS’imDMl (Rnl) X QSimDMu (Rn“) X Za.

3 Proving Theorem 2

We will write D, instead of D as in the statement of the Theorem in order
to emphasize the relationship between the metric D and the solvable Lie
group Gy (see Section 2.2 for details). Note that in this section M has all
eigenvalues greater than 1. (The results of this section will be applied to
M = M, and M = M;.) We prove Theorem 2 by induction on the number
of distinct a; occuring in Djs. The base case, when there is only one distinct
«;, is discussed in Section 3.1. We set up the induction step in Section 3.2.
In Section 3.3 we start proving the case when n; = 1 and in Section 3.4
when ny1 > 1. In Sections 3.5 and 3.6 we combine both n; =1 and ny > 1
to finish the proof of Theorem 2.
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3.1 Base Case.

In this section, we prove the base case of Theorem 2. In other words, we
will prove Theorem 2 in the case where D), is of the form

Ds(z,y) = |z —y|'/*.

From Section 2.5, we know that Simp,, and QQSimp,, maps of R" corre-
spond to height-respecting isometries and quasi-isometries of the solvable
Lie group

G M = R x M R"

where M is the scalar matrix e®I. In this case, G); with the coordinates
(t,x) has a Riemannian metric give by

dt? + e2t 42

which makes G isometric to hyperbolic space H"t! with curvature de-
pending on «. Notice that in this special case a K-Bilipp,, map of R"
is simply a K*-bilipschitz map of R™ with respect to the standard metric
on R". Likewise, a K-QSimp,, map of R" is a K“-quasisimilarity of R"
with respect to the standard metric. Therefore, we are reduced to study-
ing uniform groups of quasisimilarities of R"™ with respect to the standard
metric.

Proposition 9 Let G be a uniform group of quasisimilarities of R™. If
n > 1, assume further that G acts cocompactly on the space of distinct pairs
of points of R™. Then there exists a quasisimilarity F : R™ — R™ such that

FGF~! C Sim(R™).

Proof. The case when n = 1 is Theorem 3.2 in [FM1]. When n > 1, we can
apply Tukia’s theorem as follows: any uniform group of quasisimilarities of
R™ can be treated as a uniform group of quasiconformal maps of S™. Also,
the action of G on the space of distinct triples of S™ is cocompact since G
has a universal fixed point and acts cocompactly on the space of distinct
pairs of points of R™. Applying Tukia’s theorem, we get a quasiconformal
map F' such that
FGF™' C Conf(S™).

However, we need something stronger; we need F to be a quasisimilarity.
Luckily, Tukia constructs F' explicitly and in the case when G is a group of
quasisimilarities, F' is also a quasisimilarity. Therefore

FGF™' c Conf(S™) N QSim(R™) ~ Sim(R™).
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See Section 3.4 for more details on the construction of F'. m

3.2 Setting up the induction step.

In this section, we set up the induction step needed to prove Theorem 2.
We consider the space (R", Djys) where

Dy(x,y) = max{ler — g1V, |z, — g7}

where 0 < a; < a1 and z = (1, -+ ,2p),y = (y1,- -+ , yr) with z;, y; € R™.
From Section 2.5, we know that QSimp,, maps of R" are the maps we need
to consider when studying height-respecting isometries and quasi-isometries
of the solvable Lie group

G M = R x M R"

where M is the diagonal matrix with diagonal entries e“:. Note that each e™
occurs n; times in M. In this case, Gj; with the coordinates (¢, 21, -, z,)
has a Riemannian metric give by

dt? + e 2t dg? .. e 2ty

which makes GG s isometric to a negatively curved homogeneous space. From
Proposition 4 in Section 2.2, we know that a QSimp,, map F' has the form

F(lilaZEZa"' ,:ET) = (fl(xla"' ,l‘r),-" 7fr(xr))

where f; is bilipschitz in the variable x;.

Next, set n’ = n — n; and consider the metric D on R given by
Dy (2 y') = max{|ws — ya| /%2, |2 — gV}

where ' = (z2, -+ ,2,) and ¥ = (y2, - ,yr). With this notation we can
write
Dyr(z,y) = max{|zy — 1|/, Dapr(2',3/) }-

Induced representations. We have an induced representation
¢ : QSimp,,(R") — QSimp,,(R™),
given by

(fl(xla"' 7'%'7")7"' 7f7’(x7")) = (fQ(:UQ?"' ,.I‘T),-" 7f7‘(x7"))'
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Given a uniform subgroup G C QSimp,,(R™), we can consider the image

$(G) C QSimp,,, (R™).

By induction, since Dy has fewer distinct «;’s, there exists a QSimp,,,
map F’ such that each element of F’(Z)(Q)F’_1 is an ASimp,, map. We can
pick some element of ¢~!(F’) and conjugate G by this element. This gives
us an action on R™ by maps of the form

G(x1,y) = (9y(21), 9(v))

where y = (22, -+ ,2,), and g(y) is a ASimp, , map. We can now focus on
altering g,(z1) to make G into a ASimp,, map. We treat the one dimen-
sional case (n; = 1) in Section 3.3 and higher dimensional cases (n; > 2) in
Section 3.4. In each of these cases, we first show that we can conjugate G
to a group where g, (1) is a similarity of R™ for each fixed y; that is,

gy(1) = AyAy(z1 + B(y))

where A, € O(n1), B(y) € R™ and A\, € Ry. In Section 3.5, we show that
we can conjugate § again so that not only does A, not depend on y but it
also matches up with the similarity constant of g(y). We also show that A,
must be independent of y. This is done in Section 3.6 and concludes the
proof of Theorem 2.

3.3 One-dimensional case.

At this point, we have a group G acting uniformly by @QSimp,, maps on
R" ~ R @ R" where each group element G € G is of the form

G(z,y) = (9y(2),9(v))

where z € R,y € R, and g(y) is an ASimp,, map. We also know from
Section 2.2 that for y fixed g,(z) is a bilipschitz map of R. In fact, we have
a foliation F of R™ by copies of R where each leaf corresponds to a fixed
y e R,

The main idea of this section is to find a G-invariant measure along each
leaf of this foliation. To this end, we will use Rademacher’s Theorem that
any Lipschitz function, in particular g,(x), is almost everywhere differen-
tiable.
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Bounded derivative. Since g, is bilipschitz, g;(x) is bounded, but it is
not uniformly bounded over all elements G € G. However, since g(y) is an
ASimp,, map, it has a well-defined similarity constant ¢,. This allows us
to write

G(x,y) = 6,(9y (%), 3(y))

where gy (z) is now uniformly bounded over all G € G. Set
G=4,'G.

Finding an invariant measure. Let U C R&® R" be a G invariant set of
full measure such that g, (x) # 0 for all G € G and for all (z,y) € U. For
each G € G, define a map ug on U by

pc(z,y) = gy ().

We will construct a G invariant measure from the pgs. Let

M(z,y) = {/‘LG(may) | Ge g} = {g;(l‘) | G e g}a

then if H € G
Mpy = {Gh(hy(@) | G € G}

[ lgoh), ()
= {%(x) |Geg}
1

=Mz .-
()
hy(x)

Since M, ,) is bounded, we can define

M(xa y) = Sup M(ac,y)

which satisfies

W(H(.9) = 7).

Finding a conjugating map. First, we define a family of metrics v, on
R so that for all H € G the map h, is a similarity with respect to these
metrics. For y € R™ and 1, T2 € R define

T2
vy (@1, 22) = / u(t, ).

1
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We check that

hy(xZ)
Untgy (1), By (22)) = /h ()0

- / HCH (1, )b, 1 (1)t

1

2
— 5th / /J’(t’ y)dt

1
= O, vy(x1,22).

If we set

F(z,y) = (vy(z,0),9)
then F is a QSimp,, map and for each H € FGF~! the map hy is a
similarity of R.

3.4 Higher dimensional case.

In this section, G is a group that acts uniformly by QSimp,, maps on
R" ~ R™ &R where ny > 1, and acts cocompactly on the space of distinct
pairs of points of R™. Also, each group element G € G is of the form

G(z,y) = (g9y(2),9(y))

where z € R™,y € R" and g(y) is an ASimp,,, map. From Section 2.3
we also know that g,(x) is a quasisimilarity of R"™', hence differentiable
almost everywhere with derivative bounded in terms of the quasisimilarity
constants. Again, by fixing y, we have a foliation of R™ by copies of R™.

In this case, we follow Tukia’s proof, found in [T], on conjugation groups
of quasiconformal maps of S™ into the group of conformal maps. First,
we define a notion of a Dys-foliated conformal structure on R™: a confor-
mal structure defined on the sub-bundle of the tangent bundle consisting of
subspaces corresponding to the directions parallel to the leaves of the R™
foliation.

Next, we define an action of G on the space of all Dj;-foliated conformal
structures on R™. In section 3.4.3, we show there exists a G invariant D ;-
foliated conformal structure on R™ (Theorem 12). Using this structure, in
section 3.4.4, we prove that we can find a conjugating map F' such that each
element G € FGF~! has the form

G(z,y) = (g9y(2),9(y))

where g, (z) is a similarity of R™ and g(y) is an ASimp,, map.
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3.4.1 Notation and Definitions.

Djs-foliated conformal structure. A Dj;-foliated conformal structure
is an assignment for almost every (z,y) € R",

pu(x,y) € SL(ni,R)/SO(n1,R),

such that p(z,y) is a measurable map. We can identify SL(n1,R)/SO(n1,R)
with the space of all symmetric, positive definite ny x nj real matrices with
determinant one via the map M — MTM. If we make this identification
then the group GL(n1,R) acts on SL(ni,R)/SO(n1,R) by

X[A] = |detX|""XTAX.
We can define a distance on SL(n1,R)/SO(n1,R) by
k(I, A) = max{log Anaz, log 1/ Amin

where Apqq 1s the largest eigenvalue of A, and A, is the smallest eigenvalue.
Alternatively,

d(1, A) = \/(og )2 + -+ (108 Any )2

We can extend either of these metrics to all of SL(n;,R)/SO(n1,R) by
requiring them to be invariant under the action of GL(n1,R). We define the
dilation of a matrix A to be

K(A) =expk(I,A).

Conformal. We will say that a QSimp,, map F(z,y) = (fy(z), f(y)) is
conformal in p if

p(z,y) = fo (@) [n(F(z, )]

We write
pr(x,y) = fo(x)[1]

prc(z,y) = gy(x) [ur(G(z,y))]
Fopu(F(z,y) = fi(z) u(z,y)].

If p is a conformal stucture and A the symmetric positive definite matrix
which represents p(z,y) then define

K(u(z,y)) = K(A)
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Recall that if F(z,y) = (fy(x), f(y)) is a K-QSimp,, map then f,(z) is a
K-quasisimilarity of R™. This implies that K(F(z,y)) < K.

We also have that if G is conformal in g then
K(G(z,y)) < K(u(z,y)) K (u(G(2,y)))- (1)

3.4.2 Lemmas on (QSimp,, maps.

In this section we collect some lemmas on how measurable sets behave under
QSimp,, maps. In the statements of the lemmas, m will denote spherical
measure. However, since spherical measure and Lebesgue measure are com-
parable on bounded sets, we will prove the lemmas using Lebesgue measure.
Note that the measure induced by Dj; on R" is the usual Lebesgue measure.
From [T] we have the following:

Lemma Bl in [T] Let F be a compact family of K -quasiconformal embed-
dings U — R™ with U C R™ open. Then there are positive a,a’ depending
on K and b,b’ depending on K and F such that

VYm(E)* <m(f(E)) <bm(E)"

for all measurable E.

For QStmp,, maps, the following lemma replaces the previous one:

Lemma 10 Let F be a family of (N, K)-QSimp,, maps where K, N is fixed
and each F' € F has the form

F(z,y) = (fy(x), f())

where fy(x) is bilipschitz and f(y) is a ASimp,,, map with similarity con-
stant N. Then there exists b and V' such that for each F € F and each
bounded measurable E C R"™,

VYm(E) <m(F(E)) < bm(E).

Proof. For any bilipschitz map f of R and any measurable set £ C R",
we have



We treat the usual Lebesgue measure m on R™ as a product measure m; Xmao,

. . !
where mq is Lebesgue measure on R™ and my is Lebesgue measure on R™ .
Using Fubini’s Theorem, we write

m(E) = /n/ mi(Ely)dmg, and m(F(E)) = /n/ m1(F(E)|y)dma.

Since f, is bilipschitz, we have the following estimate on mq(F(F)|y):

1

2o (Ely) < mai(F(E)|f) < K'ma(Ely).

If f(y) were a similarity then to compute m(F(F)) we would need only to
calculate

/ 1 (F(B) )|/ (@) ldma.

Now a similarity has constant derivative | f'(y)| = N’ where N’ depends only
on the similarity constant and on the dimension of R”. Combining these
two facts we would get

./ 7n1E\cmm<i/ﬁ i (F |fwnf()me<JWKﬂ/" ma (Bl )dms

or rather ,

K’
Note that in the general case, where f(y) is an ASimp,, map, we can prove

this lemma by induction. Namely, if we have the following estimate for the
measure of f(E|,):

m(E) < m(F(E)) < N'K'm(E).

Rma(Ele,) < ma(f(Elz,)) < R'ma(Elz,)

then
mww»g/fwmw@mwmmgywwmm
and RN
Kﬂmﬂ)g/ﬂmeume@meSmumE»
||
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Lemma 11 Let H; : U — R" be a family of K-QSimp,, maps such that
H; — H for some H € QSimp,,(R"™). Suppose that for all € >0

m({(z,y) € U : K(H;(z,y)) > 1+¢€}) — 0.

Then
H(z,y) = (hy(z), h(y))

where hy(z) is a similarity.

Proof. Set
A = {(z,y) €U : K(Hi(z,y)) > 1+ ).

Then for all > 0 there exists an I such that if ¢ > I then m(AS) < 5. We
want to show that for a fixed y the map h, is a similarity. We already know
that h, is a K-quasisimilarity of R"! and so is K-quasiconformal. Using the
Lemma B2 from [T], we will show that h, is conformal and so, must be a
similarity.

Lemma B2 Let f; : U — R" be a family of K-quasiconformal embeddings
such that f; — f and for all e >0
m({x eU: K(fi(x)) >1+¢€})—0.

Then, f is conformal.
Now h;,, form a family of K-quasiconformal maps, and h;, — h,. We know
that m(A$) — 0 but we don’t know whether

my(Aily) — 0.
Let i be large enough so that m(A$) < Cy/k where Cj, is the volume of the
ball of radius 1/k.

Claim: There exists a y; such that
ly — yi| < 1/k and mq(A4fly,) < 1/k.

If this were not the case, then we would get the the following contradiction:
mA) > [ (A )dm(z) > Gk
ly—z|<1/k

So now h,, — h, and
m({x : K(hy, () > 1+¢€}) < 1/k.

By Lemma B2, h, is conformal and hence a similarity. m
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3.4.3 Invariant Dj,-foliated conformal structure.

The proof of the following theorem follows the proof found in [T].

Theorem 12 If G is a separable group of QSimp,, maps then R" has a
G-invariant D yr-foliated conformal structure.

Proof. Assume first that G is countable. Then there is a set of full measure
U C R" such that for every G € G the map g, is differentiable with non-
vanishing and bounded Jacobian. Define the set

Mgy = {pr(z,y) | F € G}

Then
9y () [Mgy) = {gy(@) [ur(Gz,y)] | F € G}
= A{prc(z,y)| F €G}
= My

Recall from [T] that S = SL(ni,R)/SO(n1,R) is a non positively curved
space. So for each bounded subset X C S, there is a unique disk with center
Px of smallest radius containing X. Therefore, we can define a continuous
map

X — Px.

Set
w@,y) = Pu,,,-
Then
1(G(x,9)) = g, (z) [(z,y)]

for all G € G and so pu(z,y) is G invariant. To see that p is measurable,
consider the following: First label the elements of G = {Gy,G1,---} and
define

M(jx,y) ={pe i<}
and
wi(z,y) =Py -
(z,y)

Now since pg(z,y) is measurable, p;(x,y) is measurable for all j. But
pi(z,y) — p(x,y) so that p is also measurable.

In general, let G, be a countable dense subset of G and let u be a G,
invariant Djs-foliated conformal structure. We will show that p is G invari-
ant as well. To do this, we will follow Theorem D from [T]. We will state
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Theorem D in the language of QQSimp,, maps but we will not include any
proof since its proof is identical to the proof in [T].

Theorem D Let F; : U — V be a sequence of K-Q)Simp,, maps such that
F; — F for some (QSimp,,) map F : U — V. Suppose that for all € >0

m({(z,y) € U : Kyp(Fi(z,y)) > 1+ ¢}) =0

as i — oo. Then F is (u,v) conformal.

Here
Ko (F(x,y)) = expk(u(z, ), f,(x) [v(F(z,9))])
and we say a QSimp,, map F(z,y) = (fy(x), f(y)) is (i, v) conformal if

u(x,y) = fy (@) [v(F(z,y))]-

To show that p is G invariant consider the following: Given F € G, let
F; € G, be such that F; — F. Since F; € G, we have that K, ,(Fi(z,y)) =1
and in particular

m({(z,y) € U : K, (Fi(z,y)) > 1+€}) =0.

By Theorem D, F' is also conformal in g and so p must be G invariant. =

3.4.4 Conjugating the group.

In order to state the theorem we prove in this section, we need two defini-
tions:

Radial point. Recall that we have a map from the space of distinct pairs
of points of 0G s to Gy
p: P — Gy

We call a point p € R™ ~ 0G s a radial point of G if there exists a sequence
of elements G; € G, a point z = p(q1,q2) € G and a geodesic L € Gy
with endpoint p such that z; = p(Gi(q1),Gi(q2)) — pand dg,, (2, L) <
C for all i. By an abuse of notation we will write z; = Gi(z) = p(Gi(q1), Gi(¢2))-
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Approximate continuity. Let U C R" and (X, d) be a metric space. An
open map f : R"™ — X is approximately continuous at € U if for all € > 0

o MY € Bla) NU | d(f (). fw) < )

sy m(B(z,r)) =L

In [T], Tukia notes that if X is a separable metric space and if f is measurable
with respect to the Borel sets of X and Lebesgue measurable sets of U,
then f is a.e. (with respect to m) approximately continuous. We apply
this definition to the map that defines our G invariant D-foliated conformal
structure

p: R — SL(ny,R)/SO(ny, R).

Recall that the metric on SL(ny,R)/SO(n1,R) is given by d(A, B) = log(K (A~ B)).
So if p is approximately continuous at p then

iy MUa € Blp, ) NU | K(u(q)) > 1+ €})

20 m(B(p, 7)) =0

Here B(p,r) is the ball of radius r around the point p.

Theorem 13 Let G be a uniform group of QSimp,, maps that all have the
form

G(z,y) = (g9y(2),9(y))

where g(y) is an ASimp,,, map. Let ji be a G-invariant Dy-foliated confor-
mal structure. If p is a radial point for G and p is approximately continuous
at p, then there exists a QSimp,, map I such that every H € FGF~! has
the form

H(z,y) = (hy(z), h(y))

where h(y) is again a ASimp,, map and hy(x) is a similarity of R™.

Proof.  First, we will construct the conjugating map F' as a limit of
group elements composed with dilations. Without loss of generality, let
p=(0,---,0) € R"” be our radial point. Choose a map a € QSimp,,(R")
that fixes p and with the property that a.u(p) = Id. For instance, we can
choose a(z,y) = (T'z,y) where T is a linear map that sends the matrix u(p)
to the identity matrix.

Let G; € G be the maps which make p a radial point. We write G;(z,y) =
(giy(x), 9i(y)). We can pick real numbers ¢; such that d;, o G; is actually K-
Bilipp,,. In particular, we can chose the #; so that ¢; 1'is the similarity
constant of ¢;(y). Note that ¢; — oo but if we fix z € P then the diameter
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of {(6+,aG;)(2)} is bounded by a constant that depends only on C. Define
F;i by
Fi(z,y) = 61,0Gi(z,y) = ady, Gi(x, y).

Since each F; is K-Bilipp,, for a fixed K, and since {Fj(z)} is bounded,
we have that F; — I where I is also a K-Bilipp,, map. Next, we need to
show that for all G € G, the map FGF~!(x,y) = (g,(x), g(y)) is such that
gy(x) is a similarity of R™'. Let

H; = F;,GF; " = 6,,aG,GG; " (6;a) "
and consider the conformal structure

Note that H; is conformal in p; and that

pi(z,y) = Fipu(z,y)

Ot s Giapt(2, )
ITICNT)

= e i la.u(s;, (z,y))]
= a.u(s;, (z,y)).

Now since p is approximately continuous at p, so is a,u. Therefore

i 29) € B, i) 1U s K, > 14 6)
r—0 m(B(p,T))

— 0.

Let A; C R™ be sets such that K(u;(z,y)) > 1+ €, then m(4;) — 0. Now
let B; be the sets on which K(H;(x,y)) > 1+ €. Then, by Lemma 10 we
have m(B;) — 0 as well. Set C; = A; U B;. Then, on R™ \ C;, we have both

K(pi(w,y)) <1+e and K(u(Hi(z,y))) <1+e
So,
K(Hi(z,y)) < K(pi(z,y)) K (ui(Hi(z,y))) < (14 €)*.

Now we can apply Lemma 11 to show that H = lim;_, FZ-GF;1 has the
form (hy(z),h(y)) where hy is a similarity of R™.

Finally, since ASimp,, maps form a group, we know that if G(z,y) =
(9(z,vy),9(y)) € G then, after conjugating by F, the map g(y) is still an
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ASimp,, map. So, we only need to show that the conjugating map F'(x,y) =
(f(z,y), f(y)) is such that f(y) is an ASimp,, map. To see this, we note
that

F = lim F; = lim d;,aG;

1— 00 11— 00

where G; € G, the map d;, is a standard dilation with respect to Dy, and
a is a linear map that is the identity on y. Since G; € G, we have that
Gi(z,y) = (9i(z,y), 9i(y)) where g;(y) is an ASimp,,, map. Therefore, the
limiting map f(y) is a ASimp,,, map. This completes the proof of Theorem
13. m

To complete the proof of the multidimensional case we observe that if G acts
cocompactly on the space of distinct pairs of points of R™ then every point
is a radial point (see [T] or [Ch] for details).

3.5 Uniform multiplicative constant.

At this point, we have a group G of QSimp,, maps of the form

G(z,y) = (gy(),9(y))
= ()‘g,yAy($+By)vg(y))

where A, € O(n1), Agy € RT, and g(y) is an ASimp,,, map with similarity
constant t; € RT.

The goal of this section is to show that by conjugating with an appropriate
map we can eliminate the dependence of A, , on y and determine the mul-
tiplicative constant to be ¢3*.

By composing G(z,y) with the inverse of the standard dilation é;, we have

0, 0 G(x,y) = (ngyAy(w + By), 5(y))

where

_ )\g:y
ngay - tal N
g

Set
My ={ngy | G e G}
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Since Aigof)y = AfyAg.f(y)s

My = {ngru | G €G}
{/\(QOf),y/)‘f,y Ge g}

ty'
)‘(gOf) Yy t?
= =~ —— |G e
{ tglt? >‘f,y | g
1

= — M,
Ny

Now, since 74, is universally bounded, we can define

p(y) = sup M,
which has the property
1
n(f(y)) = —n(y).
Ny

A simple calculation gives that conjugating G by F(z,vy) = (u(y)x,y) gives
an action by elements of the form

(l‘,y) = 5t(Ay(x + By)ag(y))

where g is an ASimp, , with similarity constant one.

3.6 Uniform rotation constant.

At this point, we have a group G where each element has the form

G(z,y) = (gy(2),9(y)) = " Ay(z + By),9(y))

where A, € O(n1), and g(y) is an ASimp,, map. The goal of this section
is to show that A, does not depend on y. We do this by showing that if
Ay # Ay then G is not a K-QSimp,, map.

Proposition 14 Let G(x,y) = (t**Ay(z+ By), 9(y)) be a K-QSimp,, map
as above. Then Ay, = Ay for all y,y' € R™.

Proof. Suppose that for some y,y" we have that A, # A,. Pick z € R™
such that Ayz # A, z. In fact, we can pick z so that for any N

]Ayz — Ay/z| > N.
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Next, pick x, 2’ such that « + By = z and 2’ + B,y = z. Note that
|z —a'| = |By — By| < K“ Dy (y,y' )™
so that
Dy((z,y), (z,y) = max{|z — 2|, Dar(y,y)} < KDar(y,y)
but
Dy(G(x,y), G’ y)) = max{t|Ayz — Ayz|"**, Dar(9(y), 9(y))}-

We can now make D)/ (G(z,y), G(z',y’)) arbitrarily large by picking z such
that |Ayz — A, 2| is arbitrarily large. In particular, there exists a z so that

Du(G(z,y),G(2',y) > K*Dyi(y,y') > KDu((z,y), (2, y)).

This violates the assumption that G was a K-QSimp,, map. ®

4 Application: Quasi-isometric Rigidity.

In this section, we show how Theorem 2 and the work of Eskin-Fisher-Whyte
[EFW1] can be used analyze the structure of groups that are quasi-isometric
to lattices in the solvable Lie groups

GM:R[XMRn

where M is a diagonalizable matrix with det M = 1 and no eigenvalues on
the unit circle. Recall from Section 2.4 that we can replace M with its
absolute Jordan form so that

M
M:< l M;1>

where M; M, are diagonal matrices with all eigenvalues greater than one.
Now, any lattice in a solvable Lie group must be a cocompact lattice.
Therefore, if I' is quasi-isometric to a lattice in Gj; then I' is also quasi-
isometric to Gy itself. Let ¢ : I' — Gjs be a quasi-isometry. Then, T’
quasi-acts properly and coboundedly on Gjs by quasi-isometries of the form

pLcp
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where p is a coarse inverse of p and Lg denotes left multiplication in I

Key Theorem [EFW1]. Let G be as defined above. Then every quasi-
isometry of Gy is height respecting.

Recall from section 2.4 that this key theorem allows us to construct a rep-
resentation

I~ G C QSimp,, (R™) x QSimp,, (R™).

In Section 4.1 we will use Theorem 2 to conjugate the image of this
representation G into a subgroup of ASimDMl (R™) x ASimp,, (R™). In
Section 4.2 we use this structure to show that if ' is a finitely generated
group then I' must be polycylic. In Section 4.3, we finsh the proof of The-
orem 1 by showing that I' is virtually a lattice in R x ;s R™ where M’ has
the same absolute Jordan form as M for some a € R.

4.1 Action by almost isometries.

For our purposes right now, we can now suppose G’ is a group quasi-acting
by quasi-isometries on Gj;. (For our purposes right now we can assume
G’ is our I" from above, however later on we will need the arguments from
this section to apply to more general groups, so we state the results in more
generality.) Then we have a representation of G’ onto G C QSimp,, (R™) x
QSimp,, (R™). That is, for G € G’ we have

G v (G1,Gy) € QSimp,, (R™) x QSimp,,, (R™)

where G acts on the lower boundary and G, acts on the upper boundary.
Since two quasi-isometries that are at a bounded distance from each other
induce the same boundary maps, the kernel of G’ — G may be non-trivial.
Note also that if G’ is a uniform group of quasi-isometries, then there is
an ¢, fixed over all group elements, such that each element induces a map
on the height factor that is within e of a translation. (For any height-
respecting quasi-isometry, the bound € only depends on the quasi-isometry
constants.) Therefore, by the proof of Lemma 7 the maps G, and G; are
(N, K)—QSimDMl and (1/N, K)-QSimp,, maps respectively, where K = e
is fixed and N is determined by the amount of translation on the height
factor. Finally, if the quasi-action of G’ on G is cobounded, then the
action of G on the space of distinct pairs of points of 9;G s, and on the
space of distinct pairs of points of 9,Gas, is cocompact. (See the end of
section 2.5 for details.)
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Proposition 15 If G C QSimp,, (R™) x QSimp,, (R™) is a separable
group that is induced by a uniform group of quasi-isometries which quasi-
acts coboundedly on Gys, then there exists an

F € QSimp,, (R™) x QSimp,, (R™)

such that FGF~1 consists of elements (Gy,Gy) where Gy is an ASimDMl
map and G, is an ASimDMu map.

Proof. We will apply Theorem 2 twice. Consider the projection
m 2 QSimp,, (R™) x QSimp,, (R™) — QSimp,, (R™)
G = (G, Gy) — Gy

and let G; = m(G) be the image of this projection. Then G; is a uniform
subgroup of Q)Sim D, (R™) that acts cocompactly on the space of distinct
pairs of points of R™. By Theorem 2 there is a QSimp a, AP F} such that
FlglFl_l consists of ASim Dy, maps. Similarily, we can define G, and apply
Theorem 2 again to get a QSimp,, map Fy, such that F,G F, ! consists of
ASimp,, maps. Then, setting F = (F}, F,), we have FGF ! as desired.
|

Proposition 16 Let FGF~™! be as above and let G € FGF~'. That is,
G = (G, G,) where Gy is an ASimDMl map and Gy, is a ASimp,, map.
Let t; and t, be the similarity constants of G; and G, respectively. Then
t=1/ty.

Proof. The map G has the form

G = (G, Gy) = (F,GL,F; ' FGIFY) = (6, 0 Hy, 6, o Hy)

u-u Y
where G/, is a (K, N)—QSimDMl map and G} is a (K,1/N)-QSimp,, map.
Also, F, and Fj are K’—BilipDMl and K'-Bilipp,, maps respectively, so that

if ¢,, is the similarity constant of F,G,F,, I and t; the similarity constant of
FGF ! then

1 KK"?
2
k KN} and € L{KQNN]

tu € [KKQ

In particular, the ratios of the interval endpoints is K" = K2K’* and is fixed
over all group elements. So for the map G, we know that

/K" <t,/t; < K".
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Furthermore, we know that G* has upper boundary similarity constant t*
and lower boundary similarity constant tf. Suppose that t, and ¢; were
not inverses of each other. Then for large enough k we could make (t,/t;)*
arbitrarily large (or small) violating that 1/K” < tk/tF < K". m

Action on R". Explicitly, at this point, G acts on R” = R™ x R™ by maps
of the form G(x,w) = (Gi(x), Gy(w)) where

Gl(l‘) = (tlalAll(xl + Bi(l‘% tee 73377))7 tee 7t;lTAlr(:L’1 + Bi‘))
Gule) = (7 AV (w1 + B, w05, A2y + BY))
where Al € O(ny;) and AY € O(ny;).

Action on G);. If G; and G, were actually SimDMl and Simp,, maps we
would be able to define an action of G on GGj; by isometries by setting

G(z,z,t) = (Gi(x), Gu(z),t + logty).

In our case, when G; and Gy are ASimp,, and ASimp,, maps, we call
this an action by almost isometries. We call the group of all such maps
Alsom(Gpr). We will treat

Alsom(Gy) € ASimp,, (R™) x ASimp,, (R™)

since Alsom(Gjs) embeds into this group.

Height homomorphism. On Alsom(Gy) there is a well defined height
homomorphism h : AIsom(Gpr) — R given by

h(G) =logt; =log1/t,.

4.2 Showing Polycyclic.

Recall that a group is polycyclic if it has a has a descending normal se-
ries where all quotients of consecutive terms are finitely generated abelian.
In this section, we will show that if I is a finitely generated group quasi-
isometric to G then I' must be virtually polycyclic. We will state and
prove the theorems of this section in more generality than is needed for
groups quasi-isometric to Gy since this work is also used by Peng in [P2]
to show rigidity of lattices in more general solvable Lie groups of the form
R x R™.
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For 1 <14 <r let M; be n; x n; diagonal matrices with entries greater than
one. Define

A= ASimp,, (R™) x--- x ASimp,, (R").

Let S = {vi,...7;} be a spanning set for R¥ such that no two vectors are
positive multiples of each other. Define the uniform subgroup of A with
respect S to be

Us = {(Gy,...,G) € A| for some 7 € R* logt; = (v},%) fori=1,...,r}

where t; denotes the similarity stretch factor of GG;. Since S spans R* the
vector v is uniquely determined for each G € Ug and so we can define a
stretch homomorphism

o:Ug — RF

by 0(G) = v.

In the case when & = 1 and S = {1, —1} the uniform subgroup reduces to
our previous definition of Alsom(Gys):

Us ={(G;,Gy) | logt; = v,logt, = —v for some v € R},
and the stretch homomorphism is the height homorphism from before.

Now each G; € ASimp,, (R") has the form

5ti © (Al(lil + Bl(xZa tt 733r))a Tt 7Ar($r + Br))

where (41,...,4,) € O(R™) and §;, is a standard dilation with respect to
Dyy,. For each ¢, we can define a homomorphism

¥i + ASimp,, (R") — O(R™)

by ¥i(G;) = (A1, ..., A,) and we can combine the 1); to define the rotation
homomorphism on A by

w(G) = (¢1(G1), ceey ws(Gs))

Lemma 17 Suppose I' C A is a finitely generated group quasi-isometric to
a polycyclic group. Then (I") is abelian.
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Proof.  This follows from the fact that the only amenable subgroups of
O(n) are abelian. Since amenability is a quasi-isometry invariant, and since
polycyclic groups are amenable, I" is also amenable and so ¢ (I") is amenable
and hence abelian [Gre]. =

Almost translations. Combining these two homomorphisms we get a map
o x 1 : Us — R* x O(n)

whose kernel consists of G = (Gq,...,G;) where each G; is now an almost
translation with respect to Dy,

Gi(.’[‘l,. ")xT’) == ($1 +B1(ﬂ72,’ te 7:1:1”)7' L, Ty +B7“)

Define M to be the diagonal matrix obtained by combining the diagonal en-
tries of all of the matrices M; and reordering them from smallest to largest.
We can now think of G € ker(o x 1)) as acting on R" by a K-Bilipp_ almost
translation.

In this section we will prove the following theorem:

Theorem 18 Suppose G C Ug is a finitely generated group that is quasi-
isometric to a polycyclic group. Let

N =ker(oc x¢)NT.

Suppose further that N quasi-acts properly on R™ by K—Bilippl\7 almost
translations. Then G is also (virtually) polycyclic.

We can then apply Theorem 18 to our situation where I' is quasi-isometric
to a lattice in Gy.

Corollary 19 Suppose I' is quasi-isometric to a lattice in Gp; then I' is
polycyclic.

Proof. We already have a finite kernel representation of I'" as a subgroup
G CUg where k=1 and S = {1,—1}. Now we need to show that N quasi-
acts properly on R™. We already know that G quasi-acts properly on Gy
so that any subgroup of G must also act properly on Gj; and on any subset
of Gy it stabilizes. Since N stabilizes height level sets, and level sets are
isometric to R" then A must quasi-act properly on R". =

The key ingredient in the proof of Theorem 18 is the following proposition.
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Proposition 20 Suppose a group N quasi-acts properly on R™ by K—BilipDM
almost translations. Then N is finitely generated nilpotent.

To prove Theorem 18 we only need to note that if G is as in the statement
of the theorem then by Lemma 17 G/N is finitely generated abelian. By
Proposition 20 we also have that A is finitely generated nilpotent. There-
fore G is (virtually) polycyclic.

Proof of Proposition 20. We will show that N is a finitely generated nilpotent
group by studying its quasi-action on R". We start by proving two key
lemmas. The first one, Lemma 21, is due to Kevin Whyte. The second one,
Lemma 22, was made possible by an observation by Irine Peng.

Lemma 21 If a group N quasi-acts properly on R™ then any chain of
finitely generated subgroups of N* where each subgroup in the chain has infi-
nite index in the next has length at most n.

Proof. Let N be a finitely generated group quasi-acting properly on a
metric space (X, d). Choose a basepoint xg of X. Let

fn(k) = [{v | d(yzo, z0) < K}
Claim: If H is an infinite index subgroup of N then, for some K and C,
Kfn(Kk+C)+ C > nfy(k).

In other words, up to linear changes, the ratio grows linearly. In particular,
if fy has a polynomial lower bound of degree n then fg has a lower bound
of degree n + 1. If X is R™ then fg is bounded above by a polynomial of
degree n, and so the lemma follows. To prove the claim, consider the set of
~v € N which move zg at most k:

S ={v | d(vzo,z0) < k}.

Divide this collection into H cosets. Let 71,....,7; be a collection of coset
representatives. Now for any n which moves xg at most k, and any ~;, we
have

d(vinzo, viwo) + d(viwo, zo)
Kd(nzo,z0) +C+k < (K+1)k+C

d(vinzo, zo)

IN A

so that
IN((K + Dk +C) > jfu(k).
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What remains is to see that j, the number of cosets of H in N with rep-
resentatives moving xy at most k, grows linearly with k. Pick any word
metric on N. Since each generator moves xy at most some R, the ball By, /R
is contained in S, the set of elements moving x¢ at most k. Thus it suffices
to see that the number of H cosets represented in the ball of radius r in N/
grows linearly in 7.

Claim: For every r, there is a coset that intersects B, but does not intersect
By_1.

Suppose not. Let V be a coset of H in N and let V = vH where v has
minimal norm. Since H has infinite index in A/, we can choose V so that
|v| > r+ 1. We write v as v = 172 where 72 is the first r letters (from
the right) in a minimal length word for v and 7 is the rest of the word.
Then |y1] + |y2| = |7| adn |g2| = r . The coset yoH is also represented by a
coset y3H where d(v3,e) < r by assumption. Since y2H is in y3H, we have
that YH = y1v2H = y1y3H. But |y173| < [7172| = |7|. This contradicts the
minimality of the norm of ~.

This shows that if X has polynomial growth of degree n then any chain of
finitely generated subgroups each infinite index in the next can have length
at most n. m

We will first show that A/, the kernel of h x ¢, is finitely generated polycyclic.
Once we show that N is finitely generated we will be able to conclude that
it is virtually nilpotent since it quasi-acts on R™.

Lemma 22 If v € N, then B;~(y) is bounded as a function of y and for
any (Tip1, -+ o) and (T, ,27.)

|Bi77(xi+17 to axT) - Bi77($;+17 T 71};)‘ < €iy
where
Giry = max{2K (BPo)ei/ )
1>
and

BN = sup {Bj(y)}-
yeR"J

Proof. We will work by induction. The case i = r is clear, since the B,
are constants. We now assume the statements for ¢ + 1 and prove it for 7.
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Let x = (21, ,2;) and y; = (%i41, - z). For v € N we have

W(xvyl) = ( SN Bi,’y(yi)7 o )
and
V' (@, yi) = (- i+ Bign (yi)s ).
By an abuse of notation we will also let
YYi = (xi-&-l + Bi-&-l,’y(yi—i-l)a SRR e Br,w)'
Consider (z,y;) and (x,~vy;). Then
Dar((@,9), (@,9y)) = max{|Bs ()7}

Bmax 1/
max{(Bj5") 7 }

IN

Note that Bjn (i) = Biy(yi) + Bin(vyi) + -+ + Bin (7" ') so that
Doy (Y (@, i), Y™ (@, vyi)) = max{- -, |B;(yi) — Biny(Y"yi)| ", }
But we also have that

DM(’yn(xv y)aq/n(xafyy)) < KDM((x7y)7 (x,’yy))

So that
|Bin(yi) — Bin(Y"yi)| < K% rg.lgf{(Bﬁ yai/as)

Now in general we know that
’Bzy’Y(y) - Bi,’Y(y,)| < KalDMz (y7 y/)ai

and that

|Bi(y) + Biy(vy) + -+ Biy (7" )
—Biy(y) = Bin(v) - — Bin("" ') < K%Dy(y,y)™

But we also know that for all &

Bi(74) = Big )] < K™ max{(Bj)™/*}

and

By (7y) = Bin ()] < K max{ (BJ)*/)
7>
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so that

[nBis(y) = nBis(y')] < K™ Das (4,y/)" + 20K max{(BJ)"/}

for all n. In particular

K% Do, , /o ‘ e
’Bz,'y(y) _ Bi,'y(y/)| S M;l(y Y ) + 92 K% I?S“ZX{(BZZ';U:)QMQJ}

so that as n — oo
|Bin(y) — Biy(y)] < 2K Ig.lgf{(Bfﬁ””)o”/aj}-
]

Projection homomorphisms 7. Let N’ = K, and define K,_; = ker(7,)
where
T K — R

is given by 7,.(¢) = B;¢. Now by Lemma 22 we know that ¢ € K,_; has the
form

C(xlv e x’r‘) == (xl + BLC(.TQ, e 7xT—1)7 o, Tp—1 + BT*1,<7$T)
so that it possible to define
Tr1: Kpop — R

by 7-1(¢) = By_1,¢. Repeating this argument, we can define 7; and K;_; =
ker(7;) for all j < r. Note also that IC;/IC;—1 ~ 7;(K;) is abelian. We
will show that each K; is finitely generated. This will give us a sequence of
subgroups each one normal in the next one

1gl€1g"'glcr—1glcr

where the quotients are finitely generated abelian, thus showing that N is
polycyclic. We will proceed by induction.

Lemma 23 K; = ker(my) is finitely generated abelian.

Proof.  This follows from Lemma 22 and properness of the action. By
Lemma 22 any ¢ € Ky is of the form (z1 + By ¢, x2, -+ ,2,). If K1 were not
finitely generated then it would not act properly on R”. =
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Now suppose that K; is finitely generated for j < r. We will show that
N = K, is also finitely generated. Suppose K, is generated by {y1,72, - }
where the first d; elements are generators of Ky, the first dy are generators
of K ete. Let N; be the subgroup generated by {71, -+ ,7;}. By Lemma 21
there is some d such that for ¢ > d we have

lit1 = Nig1 : N < 0.

We will now state two propositions and explain how they can be used to
prove that A is finitely generated.

Proposition 24 For any p > d consider the pth generator -y, and let | =
lalgy1 -+ lp—1, (i-e. the index of Ny in N,). Then there exists v' such that

1. v, =~'n, where n € Ny.
2. () = H?Zl YT, where 0 < ¢; <.
3. By < Broy + o+ B,

Proposition 25 Suppose v € N satisfies conditions (2) and (3) of Propo-
sition 24 then there exists an R, depending only on N and d, such that for
all (x1,-++ , )

h/(xl? T 7$T)’ < R.

Since N acts properly on R" any element of A/ that moves points at most
distance R must lie in some Ny, where dp depends only on R. Without loss
of generality, we may assume that dg > d. Then, by part (1) of Proposition
24, for any p we can write 7, = +'n where, by Proposition 25, 4/ moves
points at most distance R (in other words 7' € Ny,,) and n € Ny C Ny, so
that v, € Ny,. This shows that N' = N, and so N is finitely generated.

Proof.  (of Proposition 24)

Approximating 7, by an element 71/7 € Ny. First, compose v, with a
product of v;’s so that

d
[ Br,| < Z | Bry, -
i=1

Note that B ,, must be in the R span of the B, ., otherwise the subgroup
Ny would have infinite index in A,. Now since [N, : Ny] = [ we have that
’yzl) € Ny. We will now give an algorithm to define '7;7 as the approximate [th
root of 7117 in Ny. The following lemma will be useful in our calculations.
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Lemma 26 If ¢ € K; then for vy e N
Binc(y) = Bigy(y) = Biy(y) if j <i
Bjy(y) = Bjcy(y)
Bj¢ = Bjyny = Bjey-1(y) = Bjy(y)

Proof. This follows directly from the definition of the maps. If { € K;_1
then B, ¢(y) = 0 for ¢ > j and when i = j we have B; ¢(y) = B;¢. The third
property holds because yn¢~t € K;_;. m

Approximating [th roots algorithm. Set 1, = ’y}l, € Ny. The algorithm
for defining the lth approximate root of 7, is recursive. We will define
1r,me™ € Ny and n,—1 € Ny,_,. Note that if j < r then by assumption
Na, = K;. First, since Ny is generated by {v1,--- 74} we can write

BT)HT - : : a; BT:’YZ'

dr71<’igd
Let o
A o |
= H v
dr_1<i<d
then o
1
B’I”,’Ifr = Z \‘TJ BT?’Y'L'
dr_1<i<d
and so
Bry, —1Brj, = Y €iByy, where 0 < ¢; <1
dr_1<i<d
Let
= T o
dr_1<i<d
Then
Brogr = ) €iBroy, =By, =B, = B,y ity = By ooy

dr_1<i<d

This implies that
(i D) =y € Kpa

Err

Repeat this algorithm to get 7,1 and n;™";. Now we know

BT*L??r—l (Al_)~t = Brflv"ﬁirl
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so that

B 1 (i Yemermy -1t )-1 = Br—1mgrn

T

but by the second equality of Lemma 26 we have

Bty i)~ (mgrr) =t = Br—1mern

So again
(W (1) ") ) T ) T = e € Ko
Repeating this process we get 7, Mr—1, - , 71 so that

(Yp (13 -+ ﬁl)_l)l(nf”)_l . (nfrr)—l —1d

Let = -- -1, and 7/ = v,(n)~! then v, = v'n and
dr
() =g =1
i=1

as promised in (1) and (2).

To show (3) we need to simply note that B,., = B, + B, for any ~,7.
Applying this to (7/)! we get

lBrv’Y/ = clBT»’Yl + o + CdBTa'Yd S Z(BT"YI + e + BT?'Yd)'

Proof.  (of Proposition 25)
We will show that for each 1 <7 <r

B; v (yi) < R;

so that we can take R = R; + Ry + - - - + R,.. The following lemma will give
us an estimate on the maximum of B; ./ (y;).

Lemma 27 Recall that Bl = sup,{B;~(y)} and €; 4 = max;>;{2K* (B;%’””)ai/o‘f}.
The following inequalities hold:

LB < B + lej
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Proof. The first inequality follows from the fact that

Bi,ﬂm(y) = Bi,'y(y/) + Bi,n(y)-

The second inequality follows from the above equality and from the following
estimate given in Lemma 22:

‘Biﬁ(y) - Bi,'y(y/)‘ < €iy

in other words

1Bi ()| = |IBiy (y)] — leiy-

|
Now by Lemma 27 we know that

1B < BISh+leiy
< aB o+ BT+ ey
< UBAE 4+ BIT) + ey

Claim: ¢; .+ does not depend on 7. Note that if Bm‘” does not depend on
7' for j > i then ¢; ,» does not depend on 7. By part (3) of Proposition 25
we know that

maz mazx mazx
B < BT V1 ot B ™

(since for j = r we have B"i;” = B,,). Using this and the above es-
timate we get that B does not depend on +’. Proceeding induc-
tively proves the claim and so we can write ¢; = ¢; o for any 7 and take

Ri= Bl 4 + B 4 ¢;. m

4.3 Showing [' is virtually a lattice in R x,; R"

At this point we know that any finitely generated group I' that is quasi-
isometric to Gy must be virtually polycyclic. By a theorem of Mostow
[Mo], every polycyclic group I is virtually a uniform lattice in a simply con-
nected solvable Lie group £. We would like to conclude that £ ~ R x ;s R™
where M’ is a matrix with the same absolute Jordan form as M® for some
a € R

Nilradical and exponential radical. From [A] we know that any con-
nected simply connected solvable Lie group £ has the form

1—-U—-L-—-R° =1
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where U is the nilradical of £, the unique maximal connected normal nilpo-
tent subgroup. Related to the nilradical is Regp(L) the ezponential radical:
the set of exponentially distorted elements of £. From [O] and [Gu], we
know that Rey,(L£) C U. Furthermore, in [Co] Cornulier shows that for a
simply connected solvable Lie group L the dimension dimL/Re.p(L) is a
quasi-isometry invariant. We can also compute that if M has all eigenvalues
off the unit circle then Reqp(R x 3 R™) ~ R™. Putting these results together
we get
dim(L/Rezp(L)) = 1.

In particular, we must have £ ~ R x U and Rep(L) = U.

Representation into QI(Gjs). Now £ ~ Rx U is a locally compact topo-
logical group (virtually) containing I" as a cocompact lattice. By Furman’s
construction 3.2 in [F] we have a representation

7' L — QI(T).

If T' is quasi-isometric to Gy via p : I' — Gy then this representation
extends to a map
m=Ad,on": L — QI(Gu)

where Ad,(q) = pgp and p is a coarse inverse of p. Each 7, is a (M, A)
quasi-isometry where M and A are constants that do not depend on h. We
can assume that p is injective and that pp|r = Id and that p(er) = eq,,

Showing Continuity. Since QI(Gy) =~ QSimp,, (R™) xQSimp,, (R™),
we can compose p with the two obvious projections to get two maps

¢ : L — QSimp,, (R™) C Homeo(9,Gnm)

and
by : L — QSimp,, (R"™) C Homeo(0,G ).

Proposition 28 The maps ¢; and ¢, defined above are continuous with
respect to the topology of uniform convergence.

Proof. We will follow the argument found in [F]. For any v € L define
a quasi-isometry ¢, of I' as follows. Chose some open subset £ C £ with
compact closure, such that £ = U,eryE and fix a function p : £ — T’
satisfying v € p(v)E. Define g,(7) := p(vy). Now let By be a ball of radius
k in Gy and consider Fy, = p(By). This is a finite subset of I" so by Lemma
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3.3 (d) in [F] there is a neighborhood of the identity Vi C L such that
d(gv(7),7v) < B for all v € Fj, and v € Vj. Furthermore, the constant B
does not depend on Fj. In particular, for all v € Fj, and v € V}

d(p(qu(7)),p(7)) < KB+ C.

So now for all z € B,

d(pqup(x), x) < d(p(qu(7)), p(7)) + d(p(7),2) < KB+ C + C.

Set BB = KB+ C+ C. Let L, C F; be the leaf of the foliation F; (the
foliation defined by isometrically embedded copies of the negatively curved
homogeneous space Gy,) containing the identity of Gps. In coordinates L.
is simply given by {(z,y,t) | y = (0,...0)}. Since L. is a negatively curved
space, we can consider the space of all unit speed geodesic rays emanating
from e. This space is equivalent to the visual boundary 0L, which in turn
is equivalent to 9;G s U oo.

Now let p € 9;Gps and let £(t) be a geodesic ray emanating from e that
represents p. For any v € £ the map pgq,p is a quasi-isometry of Gjs and
so induces a quasi-isometry of Gyy,: the leaf L. C G is mapped to witin a
bounded distance of L’ C Gy where L' and L, are both isomorphic to Gy,
so we can identify L. and L’ via this isomorphism. We will treat pg,p as
a quasi-isometry of Gpy,. (Note that really what is going on is that we are
projecting L’ onto L. and this projection is distance non increasing. That
is we are considering ¢|, = 71, pqup|r, where m, : Gy — L. is projection
onto L..) Now &'(t) = ¢,&(t) is a (K',C") quasi-geodesic ray representing
v(p) € 9)Gpr where K',C" depend only on K, C, B. By the “Morse Lemma”
there exists a geodesic uniformly bounded from &'. Let §u(p) denote this
geodesic and C” the uniform bound. Then for all ¢ € [0, k], since &,(t) € By,
for ¢ € [0, k], we have

d(Ey(p) (1), &p(1)) < C" + d(d)& (1), &(1) < C" + B'.

Therefore if we define a uniform structure Uy C 0;G pr X 0;G s to be all pairs
of geodesic rays (£1,&2) such that

d(&(t), &(t) <C"+ B for  tel0,k]
then for all v € Vi, we have (v(p),p) € Uy. This shows that

o1 L — Homeo(0,G )
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is continuous with respect to uniform convergence in Homeo(9;G ). Simi-
larily
¢y 2 L — Homeo(0,Gr)

is also continuous. m

Showing continuity of the height function. Now since both ¢; and
¢y are continuous then 7(L£) = (¢ x ¢, )(L) is a separable subgroup of
QSimp,, (R")x QSimp,,, (R™). By Propositions 15 and 16 we know that
we can conjugate w(L) into AIsom(Gpr). Let ¢ : L — Alsom(Gyr) be
composed with this conjugation. Recall that on AIsom(Gyy) there is a well
defined height homormorphism A sending each almost isometry to its height
translation. We will show that h is continuous in order to conclude that the
composition h = h o ¢ is also continuous.

Lemma 29 The height homomorphism
h: Alsom(Gy) — R
18 continuous.

Proof. Let g; be a sequence of quasi-isometries in AI'som(Gys) such that
gi — td. Note that from the structure of AIsom(Gys) maps we can see that
¢ induces a height respecting isometry of H¥ for some k. If a sequence of
height respecting isometries converge to the identity then their height trans-
lation must be going to zero. Therefore, h(g;) — 0. =

Next we show that {0} x U C kerh. We use the fact that {0} x U is
exponentially distorted in R x ¢/ and the following lemma;:

Lemma 30 Let h: £ — R be a continuous homomorphism from a locally
compact, compactly generated group L to R. Then there exists a constant K
such that

A1) < Ky
where | - |z is the induced length in L.

Now let v € R x U be an exponentially distorted element and suppose
h(7y) = c. Then, for any n

en = |h(y")| < K|y"| < Klog (n +1).

Therefore v € ker i and so {0} x U C ker h.
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Next, we want to show that ker h = {0} x U. Suppose that (r,e) € ker h
where 7 # 0. Then, by continuity, all of R x I/ is contained in ker h but this
is impossible since h must be onto, (otherwise the quasi-action would not
be cobounded).

So now we know that U quasi-acts on Gjp; by quasi-isometries that fix
height. Let € Gps. Then v — m(v)(z) is a quasi-isometry from R x U —
R x R™. If we restrict this map to U we get a quasi-isometric embedding
U — R™. Furthermore, since in our case cohomological dimension is a quasi-
isometry invariant [Ge], we know that & must be an n dimensional Lie group.
Now we can conclude, by Theorem 7.6 in [FM2], that this quasi-isometric
embedding must be coarsely onto as well. Therefore, U is quasi-isometric
to R™ and the only nilpotent Lie group that can be quasi-isometric to R” is
R™ itself. Therefore, R x U/ =R x g R™.

Finally, note that v — m(v)(x) is actually a height respecting quasi-
isometry. Then by Theorem 5.11 from [FM2], we can conclude that for
some «, the matrix M has the same absolute Jordan form as S.
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