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ABSTRACT. This is the third of three papers devoted to a class of random
measures generated by multiplicative processes. Part I surveys the main mo-
tivations which led B. Mandelbrot to introduce such statistically self-affine
multifractal measures. These measures inspired Kahane’s general theory of
T-martingales. Part II completes this theory by exhibiting a class of T-
martingales for which several fundamental problems, namely non-degeneracy,
finiteness of moments, dimension of the carrier and multifractal analysis can be
studied and solved. This class contains the already known examples of statis-
tically self-similar T-martingales, and is also illustrated by new constructions.
This Part III provides the proofs of the main results obtained in Part II.

1. INTRODUCTION

This paper is devoted to the proofs of the main results of Part II [BM3].
Techniques developed to study the “Canonical cascade measures” (CCM) [M1,
M2, KP, Bi, WaWi, Mol, B2, B3, Lil, Li2] and their refinements for the
study of “Multifractal products of cylindrical pulses” (MPCP) [BM1] are shown to
also work in a larger class of measures, which is a subclass of T-martingales ([K1]).
Apart from CCM and MPCP, this class includes in particular the “Multifractal
products of pulses” introduced with MPCP in [M3], as well as the extension of
MPCP performed in [BaMu], namely the “Log-infinitely divisible cascades”.

2. PROOF OF THEOREM 4.1

Theorem 2.2 follows from the computations performed in proving Theorem 4.1,
and in particular (2.1) below. Other results of Section 2 and 3 are corollaries of
Theorem 2.2 and we leave the verifications to the reader.
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2 Techniques for random multiplicative measures

Theorem 4.1 is a consequence of the following proposition and its corollary.
For w € A*, e € (0,1] and «y € T define

nwﬁwﬂpwumzzQH%mwwm

PROPOSITION 2.1. Assume (A1) holds and T' is an open set. For every w €
A*, with probability one, the function Y:(w,-) converges uniformly on the compact
subsets of T, as ¢ — 0, to a nonnegative analytic function Y (w, ). Moreover, if
o(Iy) >0 and (t,v) € I, x T' = Q(t,7) is positive almost surely for all e € (0,1],
then Y (w,-) is almost surely positive.

COROLLARY 2.2. Assume (A1) holds. With probability one, for all v € T,
the measure i) converges weakly, as € — 0, to a measure 17 such that p"(Ay) =
Y(w,y) for every w € A*. Consequently, the measure p) converges weakly, as
e—=0,tou’ =pYom L,

Proof of Proposition 2.1. Fix K a compact subset of T'. Let Uk and b be as in
(A1). For any w € A* and any m > 0 consider the function Y, (w, z) of z € Uk
defined by

¥ (w, 2) :/1 Opottm (£, 2) do(t).

Now fix K' a compact subset of Ux (in C?), w € A*, and p € (1,2] as in
(A1)(iii). Also fix 3 as in (P’4) and define e, = b~I*I=m=1,

First step. We prove that there exists a constant C = C(3, p,b) such that
(2.1)

sup E(| V1 (w, 2) = Y (w,2)[P) < C sup Y~ o (Iyy)?~ 1/1 Q-0 (8, 2) [P dor ().

ZEK' zEK' vEAR wu

In order to prove (2.1), we use (P’2) to write

Tta(w,2) = Tnlw,2) = [ U@V ot
Iy
with U(t) = Qpe,, (t,2) and V(t) = Qye,, ... (£,2) — 1.
We divide I, into ™ equal subintervals denoted Ji, 0 < k£ < b™ — 1. Now let
N = N3 be the smallest integer larger than or equal to # and write

N-—-1
T2 =T =3 S [ vevedw.

i=0 0<Nk+i<b™—1

It is immediate that

~

N—-1
Psa(w,2) = T, 2) P < NP1 Y | voveao
INK+i

1=0 0<Nk+z<bm 1

By construction, the functions U(t) and V() are independent (due to (P’3)).
Moreover, it follows from assumptions (P’1) and (P’4) that for each 0 < i < N—1,
the restrictions of the function V' to the Jyg4;’s, 0 < Nk+1i < b™ — 1, are centered
and mutually independent. So we are in a position to apply the following lemma.



Julien Barral 3

LEmMMA 2.3 ([vBahrE]). Let (V;);>0 be a sequence of mutually independent
complex random variables. Assume that ) ., Vi is almost surely defined and that
V; is integrable with mean 0 for all i > 0. Then, for every p € [1,2]

p
E|Y Vil <2 EVi|”

i>0 i>1
For each 0 < i < N — 1, conditionally on the g-algebra U generated by the
function U(t), the random variables Vyjg4; = fJNk+' U)V(t)do(t), 0 < Nk+i <
b™ — 1, satisfy the assumptions of Lemma 2.3. So
P
E Z VNk+i ‘U <2P Z E(|VNeil?|U) -
0<Nk+i<bm—1 0< Nk+i<bm—1
By taking the unconditional expectation and summing over ¢ we get

)

E(Vim1 (w, 2) = Vi (w, 2)|P) <22NP1 37 E(
vEA™

/1 U)V(t) do(t)

For each v € A™ such that o(I,) > 0, the Jensen inequality yields

/1 UV (t) do(t)

p

< o (TP / U@ PV )P do(t).

wv

Therefore,

E(T i1 (w,2) = Va(w, 2)I7) S 2NP 1S ()" / EU)PEV (1) do(t).

vEA™ Loy

The conclusion comes from the factorization property and the fact that
[V (£)P < 2P7 (1 + E|Qbey e (£, 2)P) < 2PE|Qhey e, (5 2) [
since B(Qpe,, o, (t,2)) =1 and p > 1.

Second step. We follow an idea of Biggins [Bi]: apply the Cauchy formula to
get the uniform convergence, as m — oo, of ?m(w, -) on the compact subsets of Uk

Fix an arbitrary non-empty compact polydisc D(zg,2p) C Uk. For z € D(zg, p)
and m > 0 the Cauchy formula yields

Vo1 (w, 2) — Vi (w, 2)|

dt, dty

< / |}Afm+1 (w, 20+2p(eftt, ..., eit'i)) —)A/m(w, 20+2p(eftr, ... ,eitd))| —_— .
[O,Qﬁ]d ™ ™

It follows that
E sup |i}m+1(w72) _i}m(wazﬂ
2€D(z0,p)
<2 sup  E(|Visi(w,2) = Y (w,2)])
2€D(20,2p)

<2 sup (]E|i}m+l (w,z) — ?m(w,zﬂp)l/p-
z€D(z0,2p)
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By the estimate (2.1) obtained in the first step and assumption (A1)(iii) for
the compact D(zg,2p), we get

[ee]
(2.2) E Z sup  |Yig1(w, 2) — Y (w, 2)| < 0.
m=0 z€D(z0,p)

It follows that almost surely )A’m(w, -) converges uniformly on D(zg,p), and more
generally on any compact subset of Ux. Due to the analyticity of the Y,, (w,-), the
limit function Yy, (w,-) is almost surely analytic on Uk.

Now, fix an increasing sequence (K,)n>1 of compact subsets of I' such that
each K, is the closure of its interior and (J,,», K, = I'. For every n > 1 denote

by Yk, (w,-) the restriction of ?UK" (w,-) to K,,. Each Y, (w,-) is analytic in the
interior of K, and is the uniform limit of Y;-m (w,-) on K, as m — oco. Conse-
quently, with probability one, the family of functions Y, (w,-) possesses an unique
analytic extension to I, namely Y (w, -).

Third step. Now we prove that almost surely the function Yz (w,-) converges
uniformly on any compact subset K of T to Y (w,-), as € — 0. Indeed what we
proved in the second step is the convergence as € — 0 along the discrete sequence
(b""™)m>o0-

From (2.2) we learn that

(2.3) E( sup |V (w,v) — Yi(w,7)]) < oo.

veK

For t > 1, denote by F; the sub-o-field of the Borel o-field of (C(K,R),|| ||o)
generated by the random continuous functions

’YEK’_)Yl/t’(w:’Y)a lgtlgt

Also denote respectively by M; and M the random functions Y /¢(w,-) — Yi(w, )
and Y (w, ) — Y1 (w,-). Then the martingale {E(M|F;),F, },_  is well defined due
to (2.3). It follows from Proposition V-2-6 of [N] that any right-continuous mo-
dification of that martingale converges almost surely, as ¢ — oo, uniformly to M.
Consequently, the conclusion will follow from (A1)(¢) if we show that for every
t > 1, with probability one, E(M|F;) = M;. This indeed holds: By construction of
the conditional expectation, for every ¢ > 1 and v € K one has, with probability
one, E(M|F;)(v) = E(M(v)|F:). Moreover, it follows from the second step that for
every m > 0, with probability one, E(M (y)|Fym ) = Mpym (). By using the density
of the countable set K N Q? in K and the continuity in v of the functions we deal
with (we use (A1)(i)) we deduce that, with probability one, E(M |Fym ) = Mpm.
Then the martingale properties of {E(M|Ft),IFt and {Mt,IF't}t>1 yields the
conclusion. -

Fist

Fourth step. Assume that o(I,) > 0. We prove that if t € I, — Qc(,7)
is positive almost surely for all v € T' and ¢ € (0, 1] then, with probability one,
Y(w,vy) > 0 for every v € T.

It suffices to prove this property for any compact subset K of I instead of I'.
Fix such a set. We assume without loss of generality that K is the hypercube [0, 1]%.
For any sub-hypercube C' of K let
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S ={weQ: Iyel, Y(w,v) =0}
It is an event since v — Y (w,~) is continuous. Moreover, due to the factorization
property (P’2), it is straightforward to verify that for every m > 0, S¥ belongs to
the o-algebra generated by the random functions (¢,v) = Qp-m p—«(t,7), k > m. So
S is a tail event with respect to (o((t,7) € DXK — Qp—k p-r—1(t,7) : k> n))n>0.
Due to the property of independence (P’3) and the Kolmogorov zero-one law, its
probability is 0 or 1. We claim that P(S}) = 0.

Otherwise, S¥ has probability one. Then, there necessarily exists a closed
dyadic sub-hypercube of K of the first generation, namely C1, such that P(S¢ ) > 0.
By the above remark, this probability must be 1. This implies the existence of a
closed sub-hypercube Cy C C of the second generation such that P(S¢,) = 1, and
so on. Hence, there exists a decreasing sequence (Cy,)n>1 of closed sub-hypercubes
of [0,1]¢ such that P(C,,) =1 for all n > 1. Let o be the unique point in (,~, Cy.
By the continuity of Y (w,-), we have P(Y (w,7) = 0) = 1. However, Y (w, o) is
the limit in LP norm of an LP-bounded martingale with mean o(I,,) > 0 by the
second step. So Y (w,vp) cannot be zero almost surely. This proves that P(S¥) = 0.

Proof of Corollary 2.2. Since A* is countable, the conclusions of Proposition 2.1
hold almost surely for all w € A*. It follows that, with probability one, for all y € T,
the family of additive functions on cylinders (A, — ﬁg(Aw))s c(0.1] CONVeTges, as
e — 0, to the additive function A,, — Y (w,~). Since JA* is totally disconnected,
each of these additive functions extends uniquely in a measure p” on (9A*, A*).
Moreover, by construction, with probability one, for all v € T, g” is the weak limit
of i) as € — 0. This yields the almost sure weak convergence, for all v € T, of u)

top? =7 o1, since pul = Y o L.

3. PROOF OF THEOREM 4.2
For w € A*, ¢ € (0,1] and 7 € T define

Z2(w,) = o(Le) A% (Ay) = /I Qprot pton. ()

if o(I,) > 0, and Z.(w,y) = 0 otherwise.

PROPOSITION 3.1. Suppose I' is an open set and assumptions (A2)(i)(ii) hold.

(1) With probability one, for every w € A*, the function Z.(w,-) converges
uniformly on the compact subsets of I', as e — 0, to a nonnegative analytic
function Z(w,-); moreover, if o(l,) >0 and (t,7) € I, x ' = Q:(t,7) is
positive almost surely for all € € (0,1], then Z(w,-) is positive.

(2) Let K be a compact subset of ', and fix the associated p € (1,2]. One has

P
><oo.

Proof. We proceed as in the proof of Proposition 2.1. For w € A* such that
o(Iy) > 0 and m > 0, consider the function Z,,(w,v) := Zy-m (w,7). It possesses
the following analytic extension

0z
sup E(Z(w,y)p) < 00, sup sup E (‘—(w,y)
wEA* yEK 1<i<d weA*,veK i
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Z(w, 2) = /Iw Qp- 1wl p-1e1-m (1, 2) j((jl(,j))

It follows from computations similar to those performed in the first step of the proof
of Proposition 2.1 that for some constant C' = C(3, p, b)

(3.1) (| Zm 11 (w, 2) = Zm (w, 2)[P)
< CE(1Qprw porvim-1(£,2)1P) 3 (0(Tun) /(L)) -
vEA™
Define exr = —3®) (p) — sup, e 0 (2,p). Our assumption (A2)(ii)(a) is

ek > 0. Moreover, by our assumption (A2)(ii)(3), there exist C' > 0 and ng > 0
such that for all w € A* with |w| > ny and z € K', we have

(32)  E(1Q g ns(t.2)P) Y (0Uun)/o(Ln)? < Ob= D2
vEA™
Then (1) follows from the same arguments as in the proof of Proposition 2.1.
To get (2), let Z(w,-) be the limit of Z,,(w,-) on K', which is chosen to be a
closed polydisc D(zp,2p) as in the proof of Proposition 2.1.
It follows from (3.1), (3.2), the triangle inequality for the LP norm, and the
fact that Zo(w, -) = 1 together, that

(3.3) sup E(Z(w,z)p) < 0.
weA* zEK'

Moreover, applying the Cauchy formula to the partial derivatives %L(w z), 1<

1 < d, we get

E sup
z€D(z0,p)

d

2 sup (E(|Z\0 (U’,Z)|p))

P” 2€D(z0,p)

= p\ 1/p
0Zm 27 ~ 1/p
(M‘) <= sup (B(Zn(w,2)P))

E2 P” zeD(z0,p)

1/p

IN

~ 1/p
Z sup ( |Zm+1(w z) — Zm(w,z)|p)) .
mOzED(zo,p)

So we deduce from (3.1) and (3.2) that

(3.4) sup sup B |2~
1<i<d weA*,2ED(z0,p)

(2) is a consequence of (3.3) and (3.4).

Proof of Theorem 4.2. The fact that (A1) holds is a consequence of the estimate
obtained in the proof of Proposition 3.1(1). The lower bound for the lower Hausdorff
dimensions are consequences of P(v), P'(v) and a Billingsley Lemma ([Bil] pp 136—
145).

Proof of (1). We treat the case where I is not a singleton. We can assume that C
is a compact subset K of I', and that there exists a C' function g : [0,1] — K such
that K = ¢([0,1]).
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To prove the result on P(v), it is enough to show that

(3.5) P—as. VyeK, p”#0 implies p” (hm sup Efw('y)> =0,

n—oo

where ( ) )
- . logp” An(t)
En,E(’Y): {tEE)A : m ZQ(/Y)U)_S}-

In order to prove (3.5), by the Borel-Cantelli lemma, it suffices to show that for
every € > (

(36) P—as. VyeK, p”#0 implies Zfﬂ (hm sup E58(7)> < 00.

n>1 n—00

Consider X : t — o (An(t)) 2(7’”)+EQW(An(f)) as a random variable with respect
to the probability measure 117/||”|| whenever ||”|| # 0. The definition of E,, . ()¢

means that X (¢) > 1. For any positive number n > 0, the Tchebitchev inequality
leads to

Ene)) < [ ol @) P07 o, 0) ' )

3 (A RO A,

weA™

(3.7)

where the last inequality is due to the fact that the random variable X is constant
on each n-cylinder.

Now we use the construction of i7(A,) and (A2)(v) to get, for w € A* such
that o(Aw) > 0,

(3.8) 17 (Aw) < Moy () (Qp- 1t (b, 1)) T 5 (Aw) T Z (w, 7) 7
where Z(w,~) was defined in Proposition 3.1. This, together with (3.7) yields

/A[Y(En,s(')/)c) < fn,n(’)/)
with
Fan) = 3 5(Aw) T ERODE) M () Q4 o (b, 1)) Z (10, 7).
wEA™

The positive number € being fixed, the problem is reduced to find a positive
number 7 such that

P—as Vzel0,1], Z fnnog(z) < .
n>1
This will be done if we find 1 > 0 such that

(1) There exists a constant C' = C(K,n) > 0 such that for all n > 1

Ofn.n
i

2o (1)ne

(3.9) sup sup E (‘ (7)‘) <O

1<i<dveK
(2) Let vo = g(0). We have

(3.10) P-a.s. Y fan(70) < 0.
n=1
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Indeed, if (1) holds, by using the Fubini Theorem we get
1 o0 1 0 d 6f
5[y w< [ 35 E| 2 gt i)l te < o
0 = 0 i

n=1 i=1
1 o0
Therefore P-almost surely / Z
0 =

dfanog
—dr ()

d fn is vi
M(m) dr < oco. This yields P-almost

surely for all v € K

> fun) = Fraloll < [ 3

This, together with (2), allows us to conclude:

P-a.s. sup Z fan(y) < o0.
veK n>1

Proof of (3.9): for w € A*, n > 0 and vy € I define

dfnnog
I ()| dz < .

awrrl(’)/) = 5(Aw)1+77(*2(%0)+5+1) ‘

We have
B (|%220)]) £ Fun) + (040 (Gnn0) + Han)
with
Fun) = % et B(Muln)@y n () ) B (2 ).
weA™
Gun(7) = Y Gun(y)
wEA™
<8 (Ma ()01 (00" | 22 (0] ) B 20047,
— 5 1+n n 0z
o) = Y 5B (M) Qure () 200277 G2 0] ).
wEA™ i

We now give estimates for the above quantities in the case (A2)(v)(5) (the
other case (A2)(v)(«) is simpler and left to the reader).

Let us make the following remarks:
(1) It follows from Proposition 3.1 that if  is small enough, E(Z (w, v)!*7) and

E(Z(w,)"
(2) We have
00w .
0= Gam

i
Consequently, due to the assumption (A2)(iii) and the atomless of &
(—ps(11) > 0), there exists a constant C' = C'(n, K) such that

()

g—i(w, 7)‘) are uniformly bounded over v € K and w € A*.

(7, 1) | n [log (F(Au))| 5(Ay) +7 (-2 2 1)

-1 ‘ 0%0

0vi0p

00w,y

p) < OF(Ay) 1 (FRO ) e e A7 5(Ay) > 0).
i
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(3) In order to control

00y
6—%(%, ) D

A(w,7) =E (Mwm)czbn (s )"

we apply the Holder inequality with a pair (h, h') of positive numbers, to
be specified later, and such that % + % =1. We get
h,> ) 1/n

By using the factorization property (P’2) and the differentiability prop-
erty involved in (A2)(v)(5)(2), we get (since K is included in the interior
of some compact subset of T')

BQy-n

671 (tw ) 7)

Alwoy) < (B (M) )" (E (anuw,w'f

h/
3Qb—n a ik 6Qb*’c p—k-1 =
tow, = — 5 (tw ¢ p=w =1 Ly
‘3%( g kz—o 07 ( 7)IIQI)IC’bkl( K
= k'=0
k' #k
n—1 h' n—1
| 0Qt e '
< My ?(th7) IT @ovr v (Bus )"
ol o =
Hence
| 0Qy-r v
E Q =n (b, " tw,
( b ( 7) a% ( ’Y)
n—1 w
- 7 aQb—k p—k—1
< nh 1ZE<Qbk,bk1(tw,’7)nh Ty,(t“”w
k=0 i
n—1
X H E (Qbfkr’bfk’—l(twafy)(1+n)h ) :
k'=0
k' £k

Now, we use the fact that 1 <E (Qb,k’b,k,1 (tw”y)(l-i-??)h/) and

(A2)(v)(B)(1)(2) together to conclude that i, h and h' being chosen

n—1 N 1/R

A(w,7) < exp (o(n) T E(Qp-rpmr-s (tus 1) F7) T
k=0

(4) h and k' being choosen as in (3), we have

n—1 , /h'
E (M) @y 101 (b)) < exp (0(m) T] B (@ s (b )07 )
k=0

If follows from the above remarks that n > 0 and A’ > 1 being fixed, uniformly
over K
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1/h'

E(‘%(W)D < eXp(O(n))E(Qb,n(t’v)(l-‘rn)h’)

07
X Z &(Aw)1+77(7Q(%0)+5+1) p? ‘
wEA"

We fix ' = 1+ 7n?, and use (A2)(iv)(a) to get no(n) > 1 such that for all
n > no(n) and v € K,

1 2
- log, E (Qb_n(t,'y)(H")(1+77 )) <O(v, A+ +n7)+n°
and

Liog, 37 a(toalsse0atyves)
" wEA"
< ¢o (14+n(=D(v,0) +e+1) —n?) + 7%

(for the second estimate we used the fact that ¢, is by definition the uniform limit
of convex functions on the compact subsets of Ry ). Thus, for n > ng(n)

(3.11) B (|%220) < e (o) + niog 0.
with
B(y,n) = oG th ) R Y (1+n(=D(v,0) +e+1) =1°) +1.

L+9?
Due to (A2)(iv)(83) we have

(v, L+n)1+1%) +n°
L+7n?

(3.12) =185, (17) + o(n)

where o(n) does not depend on v € K. Moreover,
(3.13) wo (L+n(—D(v,0) +&+1) —1?)+0° = 19, (17) (=D (v, 0) +e+1)+o(n)

where o(n) does not depend on v € K. Now choose initially  small enough so
that o(n) < |¢,(11)|en/8. Then choose ny > no(n) such that in (3.11) o(n) <
nlog(b)|ps(17)|en/4 if n > nj. It follows from (3.12) and (3.13) and the definition
of D(v,0) that for n > nj

of +
E n,n < nee (1 )577/2-
(‘ i (7)‘) o

Proof of (3.10): computations similar to the previous ones show that

(3.14) sup B( fr, (7)) < Cb0=0D=0/2,
yEK

The result concerning P’(7y) is obtained similarly; the proof is left to the reader.
Proof of (2). We only establish the result concerning P(v). The case of P'(v) is
left to the reader, as in the proof of (1).
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It follows from the previous computations that under (A2), for every compact
subset K of T, (3.14) holds if n is small enough. Consequently, for such a pair

(K,m),

E ( /K 3 (Unal) dfd(v)> < o0,

where /; is the Lebesgue measure on R?. This shows that with probability one,
there exists a subset K (w) of K of full £4-measure such that > ° | fn.,(7) < 00;
hence P(7) holds for every « such that ¥ # 0. The conclusion follows by writing
I' as a countable union of compact subsets.

4. PROOFS OF THEOREMS 5.3, 5.4, 5.5, AND 5.6

We mimick the proofs in [BM1] for the first three results. We say once again
that the approach consists in reductions to the CCM case. Theorem 5.6 is estab-
lished in [KP] for CCM, and it is implicit in the multifractal analysis of MPCP
in [BM1]. We do not use the so-called Peyriére probability to show this result,
preferring here a method like the one used in the proof of Theorem 4.2.

For n > 0 define Y,, = ||up-=|| and notice that by construction E(Y,,) = 1.
Remember that Ng denotes the smallest integer larger than or equal to the constant
B in (P4).

Proof of Theorem 5.3(1). It follows from equation (4.1) in Part IT ((BM3]) and
Lemma C of [KP] that if h < 1 is large enough and n > m > 1

@) V> S (L) = (U =h) D e (Tw) ® e (1)

weEA™ wWHVEA™

Moreover, the Jensen inequality yields iy (Iy)" > fuw.n,m(h), with

Iy,
n Mpm—n (dt)
Iy
|ty |l

Fomm(®) = | / Qi)

m—1 I
My ()
s | / T Qv posms (i) i)

Ly
v k=0 [t

if ||,u£z_n || > 0 and 0 otherwise. This yields almost surely if ||ugz_n | >0

furmm(17)
m—1 m—1

= Z / Qb—k7b—k—1(t) log (Qbfkﬁfkfl(t)) H Qb_k’,b_kl_l(t) Mgz,n (dt)
o i

+10g (Iinfsoll) [ Quen(®) i (0
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Now taking the expectation by using properties (P1), (P3), (P5), (P6) and
Proposition 5.1(1) in Part IT gives

E (finm(17))
= mb "E(Qp-1(t)1og Qp-1(t)) + 0" "E(Yy—m log Vo) — mb™ ™ log(b)E(Yy—rm )
—mlog(b)b™" 7' (17) + b"™E(Yp—m log Yn—m)-
Returning to (4.1) we get

B0 = dovenr Bunn®) o Sy oo S B (g (1) o (1)2)

h—1 wHAVEA™

and letting h tend to 1 and using the value of E(f}, ,,,(17)) we get
m log (b) Tl(l_) + E(Yy log Yn) — E(Yn—m logYn—m) < Z(l)

By the martingale nature of (Y,)n>1, E(Y, log ¥5,) —E(Y,—p, logY,—n) > 0. Hence
mlog () 7/(1) < (1),

In order to evaluate ) (1), we invoke assumption (Cq). Then, for every (w,v) €
(A™)2, by using the independence and the Cauchy-Schwarz inequality, we get

E (o (1) 2y (1)?)

1 1
3 3 . .
E((p ) (s Q1) ||ugzn||2||u,{:”||2>
s€l, sel,

<
%
1 1
< [B(sw 0 e ) E (s e )| = (I it 12)
s€ELy sel,

I, iy I, 1
= o(mE (Ilupn 1 lges 1)
By assumption (P4), for each w € A™, there are at most 2Nz elements v € A™
distinct of w such that ||u£,wn_n|| and ||u£3n_n|| are not independent. In this case,

by the Cauchy-Schwarz inequality and Proposition 5.1, E (||,u,{$7n [alzen. ||%) <

2
b=, Otherwise, E ([lifs—, I g 1) = b~ (B(Y,Z,,)) - This yields

2
$"(1) < p(m) <2N5bm X b4 pE b (E(Yn%_m)) ) .
Finally,

m[log(b)7' (1) — 2Nsep(m)/m] < b™ (E(Yf_m))2

and since 7'(17) > 0 and ¢(m) = o(m), taking m large enough so that log(b)7'(17)—
2Ngp(m)/m > 0 yields inf,>q ]E(Yn%) > 0. Following [KP] we remark that since
the supermartingale (Yn%)nzl is bounded in L? norm by E(Y,,) = 1, it is uniformly
integrable; so E(lim,, o Yn%) > 0. But lim, 0 Y, = ||p|| almost surely, so pu is
non-degenerate.

The fact E(u) = 1 follows from Section 5.1. of Part II. The fact P(||u|| > 0) =1
if the martingale (Q.) is positive follows from the fact that in this case {||u| > 0}
is a tail event with respect to (o(Qp-x p-r-1(-) : k> n))n>1.
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Proof of Theorem 5.3(2). Fix h as in the statement. By using (4.3) in [BM3],
the sub-additivity of x — z", (P6), Proposition 5.1(2) in [BM3] and Caz(h) to-
gether, we get

E([lull") < 5™ ME (Qy-m (1)) b~ E(||ul|")-

If i is non degenerate this yields

1< b—m[T(h)+ nf?o(;lz)] .

Since p(m) = o(m) this forces 7(h) < 0. Since 7 is a concave function and
7(1) =0, we get 7/(17) > 0.

Proof of Theorem 5.4(1). It suffices to show that (Y,),>1 is bounded in L"
norm. The case h € (1,2] is a consequence of Corollary 2.3 in [BM3].

Fix n > m > log,(Ng). Number the intervals I,,, w € A™, as they follow one
another from 0 on the real line, and write {I,, : w € A™} = {J;; 0 < i < b™}.
Then, for i € {0,...,Ng — 1} define

Zin = > tip—r (INgk+i)
k: 0<Ngk+i<bm

and

Ni=#{k: 0<Ngk+i<bd™}—-1.
We have
(+2) B < NBTUY EZL)

Now we adapt the approach of [KP]. Let h be the integer such that h<h<
h + 1 and use the sub-additivity of 2 — z"/(h+1) on R} to write

N, ht1
Zt, < ZMb-n(JNﬁkJri)h/(hH)] :
k=0

It follows that
N;

N; .
Z Hp—n JNBkJ,-z ) + ZajO---jNiE (H Up—n (JN3k+i)]k’_“;:'1> ’

where in the last sum the 7;’s are < iL, Jo+---+in, = 7L+1, jJ1 > 0 and Zajoiji =
(N; + DB+ — (N + 1).

On the one hand, given such a jo, ..., jn; we have
]k}-LLH N; 7 N
Ngk+i g j =2—
H Hp—n JNﬁk+ FT < H sup  Qp-m(s) H |ty Rt
k=0 =0 \*€INgh+i k=0

Nﬁk«i»z

where the ||p,,.”,. ||s are i.i.d. by (P4) and Proposition 5.1 in [BM3], and are
. h

N; e 71
also independent of H ( sup  Qp-m (s)) by (P3). Moreover, the random

k=0 SEJNBk+i
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variables sup,¢ Tngus Qp-(s) have the same probability distribution. Applying
the generalized Holder inequality, Ca(h) and the definition of 7 successively, we get

N jkﬂi—l—l
E H( sup Qbm(s)> < ]E(sup Qbm(s)h>

=0 \S€JINgr+i s€EIm
< e E(Qym (1))

= eon(m)y=m(i=htr(h)

where I, is one of the I,,, w € A™, and t € (0,1).
Moreover, by using the independence, the Jensen inequality and Proposition
5.1 successively, we have

JNBk+z
H Ity

Ni 7 W
_ Ngk+i | jp =2
= HE(HM,,M

N; ik _h

INgk+i 5\ R Rtl
HE(II w2

R (E(Yﬁ_m))h/ﬁ .

IN

n

Thus, we obtained

Ni . - h/h
1D (H p—n (JN;aIH-i)JkEL) < eonimlpmm(i+r(h) (E(Ynhfm)) :
k=0

On the other hand, for every 0 < k < N,
E(,Ubfn(JNﬁk-i-i)h) < e¢h(m)b*m(1+f(h))E(ynh_m) < epn(m)p=—m(1+7(h ))E(Yh),
by the submartingale property of (Y,%),>1.
Returning to (4.2), we have now

E(Yh) < e“’h(m)Ngfl Z (Nz + l)b_m(1+T(h))E(Ynh)

=0
. - h/h
F(N; + 1)+ p=m(1+7(h) (E(Yh_m))

n

— eaph(m)Ngflb—m‘r(h)E(Yh)

Ng—1 ~ ~ h/h
+ egph(m)b—m(l-i-T(h))Ng_l Z (Nl + 1)(h+1) (E(Ynh—m)) .
=0

Since 7(h) > 0 and 7 is concave with 7(1) = 0, we have 7(¢) > 0 for all
€ (1, h). Moreover, @, (m) = o(m) so for m large enough e“’h(m)Ngflb_mT(h) <1
therefore

h
n—

E(Y,M <
( n ) = 1— e‘ph(m)Ng 1b—m-r(h)

epn(m)p=m(Ltr () N1 S VAT (N 4 1) (4D NG
(BrLD)
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It follows that sup,,>; E(Y;") < oo by induction on & as in the proof of Theorem 2
in [KP].

Proof of Theorem 5.4(2). Assume Cz(h). By the super-additivity of z +— 2"
on Ry and Proposition 5.1, for every n > m > 1 we have

B0 2 Y B ()) > ¥ B( jnf Qe B (s )

weEA™ weEA™
e M (Qym (1)) DT E(Y )
= e enmp—mr@Ryh .

Y%

v

Since 0 < E(||u||), u is non-degenerate, and we saw that (;) = 1. Consequently
the martingale (Y;,),>1 is uniformly integrable and E(||u||") < oo implies that Y,
converges in LP norm to ||u|| as n — co. This yields 1 > e~#»(mp=m7(9) yia the
previous inequalities, and forces 7(¢q) > 0 since ¢p,(m) = o(m).

Now assume Cj(h). Denoting by I,,, an interval among the I,s, w € A™, one
has

h
E(ub-n(fm>h>=E(@z>E( / @n(tm,{mn(dt)) |

By using the Jensen inequality for conditional expectations and the independence

successively, we get
h
E ( ([ @uouis.an) \'ﬁ,—m>
L

(o))

_ < / E(Q,, (1)) ugz_n(dt)>h

m

— h
= E(Qn®) g™
It follows that here again
E(Y;h) > e*‘Ph(m)b*mT(Q)E(Ynh_m)_

One concludes as under Cz(h).

v

Proof of Theorem 5.5. Fix n > 1 such that E((infscs, Qp-»(s))?) < co. Due
to (P2), (P3) and (P6), the same property holds for the positive multiples of n.
Fix such a number m such that moreover, "™ > 2Ng. Then, let Jo = [0,b7"™] and
Jiy =[1—=5b"™,1]. Asin the proof of Theorem 5.4(2), we can get

> . . JO . . J1 )

Vo> inf Quern () | + 10 @y (5) 1|
Then, letting n tend to oo and using Proposition 5.1 yields

Y =|lpll > inf Qp-m(s)b™™Yo + inf Qp-m(s)d™ "Y1

s€Jo s€Ji
where Yp and Y7 are independent copies of ¥ (because of d(Jp, J1) > Ngb~™ and
(P4)), and Y, and Y7 are also independent of
(B Bu) 2= (Jgf, Qoo (2] Jgf, Qoen )
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Since By 4 B and E(B{) < oo, the approach used in [Mol] for generalized CCM
yields E(Y'?) < co. Let us give the proof. From the relation
Y > BoYy + B1Y1 > 24/ BoYyB1Y1,

and the fact that Y > 0 almost surely (the martingale (Q.). is positive), we get for
any h >0

2 2
(43) EY ") <27'E (BO_%B;%) (Bv~5)) <27'E(B;") (B H))

Assume we have shown that E(Y ~¢) < oo for some € € (0,—¢/2). Using k times
(4.3) successively with h = 2%, 1 <i < kand 2% > —¢/2 > 2k~ le yields E(Y 9/2) <
00. A last application of (4.3) with h = —¢q yields the conclusion. The iterations

stop because we only know that E(BJ) < oco. If, for example, By and B; are
independent,

2 2

By ") <27 (BB, ) (B )
and one gets E(Y 2¢) < oo. This is what happens for CCM but not for MPCP (see
Section 6.3 for more details).

To show the existence of an € as above, one uses the Laplace transform ¢ of YV’
(K2, Mol, B1, B2, Lil, Li2]) which satisfies

¢(t) < E(¢(Bot)p(Bit)) .

The most elegant approach is the one of [Lil, Li2]. Let p € (0,1) be a number
small enough so that pE(Bg) < 1. The Cauchy-Schwarz inequality gives

6(t)* < (E(6(Bot)*))” = 0 (E(¢(Bot)?)) -
So there exists to > 0 such that for all ¢t > g

#(t)* < pE(¢(Bot)?).
Let ¢ = ¢>. Let (Ei)iZI be a sequence of independent copies of By. Since 9 < 1,
for t > tg

Y(t) < pP(Bot < to) + PE (1{pyi>to1¥(Bot))
< PB(BY)(t/10)" + DB (Lpyrzrny(BoBit))
< PE(BY)(t/to)" + p*E (¥(BoBit))
< PE(BY)(t/to)" + (WB(BE))” (t/t0)" + D°E (11, 5, 1540 (BoBt))
< (/)Y PEBY) + "B (L5, 5, ity ¥(BoBi - By 1))

k=1
for every n > 1. Since ¢ < 1 and p and pE(B{) are in (0,1), it follows that for
t>to
PE(BF)
t) < ——————(t/tp)?
so ¢(t) = O(t9/?). Then it is standard that E(Y %) < oo for all £ € (0, —¢/2).

Proof of Theorem 5.6. The approach used in the proof of Theorem 4.2 allows
to reduce the problem to showing that for every € > 0, there exists > 0 such that
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S S B (A ) 57 0) LR (A7) 5 (04 < oo

n>1weA»

Fix 7 > 0 and n > 1. On the one hand, for every w € A™ we have almost surely

(AT = lim (/ Qb-n(tm,{wm(dt))w

m—ro0

IN

. I, n 1+n , Tw
pr Iy Qi (0 g (),

by the Jensen inequality. Consequently, by the Fatou Lemma used together with
the independence and Proposition 5.1 of [BM3] we get

E (H(AW)™7) < b OTIE (Qyn (1)) E( ] 47)
pn (e g ).

On the other hand, if 1 is small enough, by using C2(1 — n) we get

E (ji(Au)' ") < oo (= g o),
Moreover, if h is as in the statement, it follows from Theorem 5.4 that

sup E([|ul|") < oo,
' €[0,R]

)

So we are led to show that

Z(n) — Z b—n‘r(1+77)bnn(‘r’(1)—s) + eapl_n(n)b—n‘r(l—n)b—nn(T'(l)-i-e) < 00

n>1

for  small enough. We first fix 7 small enough so that —7(1 4+ n) + n7'(1) — e <
—ne/2 and —7(1 —n) — n7'(1) — ne < —3ne/4. Then, from p1_,(n) = o(n) we

get that for n large enough e®1-n(Mp=n7(1—n)p=n1 (~+2) < b="¢/2 Therefore

>-(n) < o0

REMARK 4.1. Since the proofs of Theorems 5.3 and 5.4 are inspired from those
of corresponding results for MPCP, for the convenience of the readers of [BM1],
we mention three minor blemishes in [BM1]: the first blemish concerns the proof
of Theorem 1(7), which corresponds to Theorem 5.3(1). Instead of writing “letting
h tend to 1”7 as we do here, we wrote “letting h tend to 0”.

The second one concerns the proof of Lemma 6 involved in adapting the size-
biazing method of [WaWi] for CCM to get the converse of Theorem 1(i) under
some additional conditions. A random variable X and a probability measure P
are defined. The explanation of the fact Fp,(X7) > 0 is confused. In fact, if
Ep,(X?) = 0 then, with the notations of part II, log Q-1 (t) = log(b) almost surely.
This contradicts E(Q,-1(t)) = 1 (see also the proof of Theorem 6.6 of [BM3] in
this paper).

The third one concerns the proof of Theorem 2(i¢) (it corresponds to the proof of
Theorem 5.4 under (Cj§(h)), which involves a Lemma 4(i)(¢). The proof of Lemma
4(7)(c) uses the conditional expectation with respect to o(F. : 0 <e < b~ ™) (F. is
defined as in [BM3] ). The correct o-field to consider is of course Fy-m, as here.
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5. PROOFS OF THEOREMS 5.11 AND 5.12

Assertions (3) of these results are standard (adapt the proof of Lemma 4.4
in [O] for box-multifractal analysis and use this lemma for centered multifractal
analysis).

Proof of Theorem 5.11 (1)(2). We begin by invoking a standard series of
inequalities that may be found for example in [BrMiP], [F] and [P] (see also
[L-VVoj]). We write these relations for i but they hold for any positive Borel
measure on (0A* A*). With probability one, for every @ > 0 and S € {E, E,E}
one has

dim S, < Dim S, < (—¢5)"(a),
and

dim Ey < f(@) < (—=@)"(a).

Now we show the following proposition.

PROPOSITION 5.1. Assume Qp—1 > 0, the condition (C2(q)) is satisfied for
every ¢ € JNR;\[1,2], and the condition (C4(q)) is satisfied for every g € JNR_.
With probability one, pz(q) < —7(q) for all g € J.

Proof. We first notice that an alternative definition for ¢;(q) is

¢i(q) = inf{t : limsup Cy(q,t) = 0},

n—oo
where
Cnlg,t) = Z ﬁ(-Aw)qb_nt-
weEA™

The function —7 being convex and @z almost surely convex, it is enough to
show that 5 (q) < —7(q) for every ¢ € J \ {0} almost surely. For such a ¢ ¢ (0,1),
we have seen (Remark 5.9 of [BM3]) that E(||u||?) < oco. Moreover, since the
mapping x — z? is convex on (0,00), we can use the computations done in the
proof of Theorem 5.6. This yields for t € R and n > 1

E( > ﬁ(«‘lw)"b”t> < b EHTOE(||p||9).
weEAm

It follows that EY ", -, Cn(q, —7(q) +€) < oo for every € > 0, hence ¢;(q) < —7(q)
almost surely. For ¢ € (0,1) use property C2(q) as in the proof of Theorem 5.6
and proceed as above.

We continue the proof of Theorem 5.11. It follows from Proposition 5.1 and
assumption (C)(1)(2) that with probability one, for all ¢ € J, (—¢u)*(7'(¢)) <
7*(7'(¢q)). It remains to show that with probability one, for all ¢ € J, dim Err(q) >
7'(q)qg — 7(q). According to [BBeP], it is enough to establish the following lemma.

LEMMA 5.2. For every e > 0, with probability one, for every q € J there exists
a positive Borel measure fig on 0A* such that

. fiq (An (£))
(5.1) llrflnjol(ljp ﬁ(-An (f)) q pr(r(q)+=)

< 00 [i; —almost everywhere.
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Indeed, this lemma implies (see [BBeP]) that, with probability one, for every
q € J, uq(Er(y)) > 0and dim(zg) = 7'(q)g—7(q); hence dim Evv () > 7'(q)q—7(q).-
Then, the equality of 5 and —7 on J follows, and assertions (1) and (2) of Theorem
5.11 are established.

Proof of Lemma 5.2. Construction of (lig)qecs. For every w € Q, t € [0,1],
e € (0,1) and q € 7, define

_ Q —"(tvw)q
Q:(t,q,w) = m

Q:(t,q,w) is denoted by Q.(t,q) in the sequel.

The family {Q.(-,-,-)} satisfies condition (A1) of Section 4.2 with I' = J:
since the function 7 takes finite values on J, the analyticity of z € C — Q. (¢,w)?
at fixed (¢,w) and the dominated convergence Theorem imply that for every non-
trivial compact subinterval K of 7, there exists a deterministic neighbourhood of
K, namely Uk, such that the mapping ¢ € K + E(Qp-1(t)?) possesses the ana-
lytic extension z € Ux +— E(Qp-1(t)*). Morever, choosing Uk small enough, the
modulus of this extension takes only positive values. Then, it is straightforward
that properties (A1)(4) and (i7) hold with

(ifee® ™ b "], n>0).

Qb—" (ta w)z
(E(Qp-1(8)*)"
Now we show that Uk can be chosen so that (A1) (iii) holds. Because of (P2),

(P3), (P5) and (P6) and the fact that o = ¢ here, property (4.4) in [BM3] means
that for every compact subset K' of Uk, there exists p € (1, 2] such that

Q\b_" (tv 2, CU) =

~ P
sup 1 —p+long(‘Qb—1(t,z)‘ ) <0,
zEK'

~ P
For z = ¢ € K, using the definition of 7 shows that 1 —p+log, E ( ‘Qb—l (t, z)‘ ) <0

is equivalent to pr(q) — 7(pg) < 0. Since 7 is twice continuously differentiable, we
have

pr(q) —7(pq) = 1 —p)(7'(@)a — (@) +O((p—1)*) (Vg€ K),

where O((p—1)?) is uniform over K. It follows from the definition of 7 that if p is
close enough to 1, we indeed have sup,¢ ;e p7(q) —7(pg) < 0. This makes it possible

~ P
to choose the neighborhood Uy such that sup, ¢y, 1—p+log, E ( ‘Qb—l (t, z)‘ ) < 0;
hence (A1)(4ii) is fulfilled.

It follows from the above remarks and Theorem 4.1 that, with probability one,
for all ¢ € J, the measure ¢ converges weakly, as € — 0, to a measure u? whose
support is dA*. Due to the self-similarity property, properties (A2)(%)(i%) hold, so
Proposition 3.1 can be applied. We denote ¢ by ji,.

End of the proof. The approach is as in the proof of Theorem 4.2. Given £ > 0,
applying almost surely for every q € J the Tchebitchev inequality to the random
variable X, : ¢ — [ig(A,(f)) in order to bound iy ({f € 9A* : fg(An()) >

1i( Ay (8)) " 0770+ 1) | we reduce the problem to proving the following fact: for
every € > 0 and every nontrivial compact subinterval K of J, there exists n > 0
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such that with probability one, for all ¢ € 7,
Z fn(q) < o0
n>0

where

falq) = b (@) Z Ti(Aw) " g (Ay) .

wEA™

Fix such ¢ > 0 and K. We give the proof under (C)(3)(3). Under this
assumption, with the notations of the proof of Proposition 3.1, for every n > 0

fulg) < p—n(r(a)+=) Z <sup Qb_n(t)”q> b1 Z (w, 1)~
weEA™ tely
(1+n)
o SUPeer, Qp—n () 1+: 1 b0+ Z (1, q) 1+
(E(Qp--()))
—n(1+n(1—q))
—nn(r(q)+e) Qb—" (tw)qb _ 14+
S b= Z Mw(n) b*”(1+’7)(1*q+"'(‘1)) Z(’LU, 1) an(w:Q) K

wEA™
= b7 N My () Q- () Z (w, 1) 7" Z (w, q)
wEA™
= prrl@=a=ne) g (4).
The same approach as in the proof of Theorem 4.2 shows that it suffices to

prove that if n is small enough, there exists C' = C(K,n) > 0 such that for every
n>1,

(5.2) sup bMTD=1=1) (! (q)) < Ch~ "N/
€K

(5.3) sup b"(T(@D =11 E(g, (q)) < Cb /2.
geK

For every w € A™ and ¢ € K, the random variables M,,(n)Qy-»(t,,)? and
Z(w,1)"MZ(w,q)'*" are independent by construction. Moreover, since K is bounded
and ||u]| possesses finite moments of negative orders (by assumption the hypothesis
of Theorem 5.5 are fulfilled for every ¢ € J NR_), it follows from Proposition 3.1
and Holder inequalities that for 1 small enough,

> < o0.

dZ(w,1)™" Z (w, )" "
dq

sup E(Z(w,l)_”qZ(w,q)1+”) —HE(‘
weEA*, ¢eK

So we are led to show (5.2) for

@) = 3 Mu(n)Qer (tu)".
wEA™
The same computations as in remarks (3) and (4) in the proof of Theorem 4.2
together with properties (P2),(P3),(P5) and (P6) show that for  small enough,
h,h' > 1 such that 1/h+1/h' =1, and g € K

E@mwﬁ@i%f)smumwﬂW%mWW%

where
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' n—1 | (Qb—k p—k—1 (tw)qh’ | IOg(Qb_k b—k—1 (tw>)|hl)
Aw,q) = nM! 7 Z
. ! kz:;) E (Qp-r p-r-1 () ™)

x Tﬁ E (Qb—k’ b=k =1 (tw)th)
k'=0

JE( Qo1 (8)™ [log(@y 1 (8))] ") e
=t O ™) (B@- (t)™))
_ nh,E(Qb71(tw)qh|10g(Qb71(tw))| )b—n(l—qh’+r(qh’))

E(Qb—l(tw)qh,) .

On the one hand, (E(Mw(n)h))l/h = exp (o(n)) by (C)(3)(8) with o(n) uniform
over w € A™ (notice that here the probability distributions of the random variables
we are dealing with do not depend on w). On the other hand, due to the fact
that 7 is finite in a neighborhood of 0, all the moments of |log(Q;-1(tw))| are
finite. Consequently, if A’ is chosen close enough to 1, an application of the Holder
inequality yields

< 0.

E Qo ()™ [10g(@Qu- (ha))]")
sk E(Qy1 (b))

From now on take h' = 1+ 7. Including n" in exp (o(n)) we get a constant
C = C(K,n) > 0 such that for every q € K,

1—g(14+n?)+7(q(1+n2))

Ellg, (a)]) < O exp (o(m)b ™™ wt = Cexp (on))b~ (-eHT(@+0()

where O(n?) is uniform over ¢ € K. Consequently, for ¢ € K one has

@119 (|g! ()]) < C exp (o(n))p " (1+00).

To conclude, choose 7 small enough so that O(n?) < ne/4. Finally, since for n large
enough one has also o(n) < log(b)nen/4, (5.2) follows. (5.3) is obtained similarly.

Proof of Theorem 5.12(1)(2). It follows from the definitions of the functions b,
and B, in [O] that b,(¢) < B,(¢) < ¢.(q) (see Lemma 4.2 in [BBeP]). Moreover,
Theorem 5.11 applied with ¢ = 1 shows that p is almost surely atomless. Since
pu = iow 1 the analog of Proposition 5.1 for u instead of i holds. This yields
ou < —7 on J almost surely by using (C”)(1)(2).

Then, due to [BBeP], the conclusion follows from the following Lemma.

LEMMA 5.3. For every e > 0, with probability one, for every q € J there exists
a Borel measure p1g on [0,1], such that

L(t
lim sup 'uq(qn( )) <00 g —almost everywhere
n—oo [ In(t)) pn(r(a)+e)
(5.4)
lim sup Ha (fr(t))) < oo py —almost everywhere.
r—0 u(IT(t) r—(r(g)+=)
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Indeed, it then follows from Lemma 4.6 in [BBeP] that, with probability one,
forevery g € J, b,(q) > —7(q) for every g € J; so all the functions mentioned above
coincide on J and are differentiable. Moreover, one gets the correct lower bound for
the Hausdorff dimensions of the sets Sy, for ¢ € J and S € {E,E,E,F,F,F}
(see the proofs of Lemma 4.7 and Theorem 4.8 in [BBeP]). The correct upper
bounds follow from Theorem 1 in [BrMiP] and Propositions 2.5 and 2.6 in [O].

Proof of Lemma 5.3. A family of positive measures on (0A4*, A*), (fig)ge, Was
constructed in the proof of Lemma 5.2. Let (uq)4es be the family of measures on
[0,1] obtained as u, = fi; o m~'. We have seen that, with probability one, for all
q € J, dim(uqy) = 7(¢)g — 7(g) > 0. In particular the p,’s are atomless and the
useful (for computations) relation () = fig(Aw) holds for every w € A*.

It follows from the proofs of Lemmas 4.4 and 4.6 in [BBeP] that we only have
to prove that for every € > 0 and every nontrivial compact subinterval K of J NR*
or J NR,, there exists n > 0 such that with probability one, for all ¢ € K,

> falg) < o0

n>0
where
Fulq) = b7 @OF N (1) T g (1) .

v,weA™
5(v,w)<b’

with b = 3 if ¢ < 0 and 4b + 2 otherwise.
By using (C?)(3)(¢) as (C)(3) in the proof of Lemma 5.2 the problem is reduced
to showing that for 7 small enough there exists C' = C(K,n) > 0 such that

(5.5) sup b7 1IE(B! (q)) < Cb "N/
€K
(5.6) sup b™(T(@D =11 E(p, (q)) < Cb"<"/?
€K
where
ha@) = D Mow(mQpn (t0)™"Qpn (t) M9 Z (0, 1) ™" Z (w, g) .
v, weA™
§(v,w)<b’

The proof ends in the same way as that of Lemma 5.2 by using (C”)(3)(ii).

6. PROOFS OF PROPOSITION 6.1 AND THEOREM 6.2

Proof of Proposition 6.1. The density of ji,—» can be reformulated as follows:
there exists a sequence of independent copies of W, (W,,)wea~, and a sequence of
independent random phases (¢ )weax, such that o(W,, : w € A*) and o(¢py, : w €
A*) are independent and for every n > 1 and w = wy -+ - w, € A",

61 Quon D = [] Warroann WD) + b)) (VT € AL).
k=1

This, together with the definition of v yield for ¢,¢' € R, n > 1 and v,w € A"
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’

sup Qp-n (t)? sup Qpn (t)?

tely, tel,

n
< ellalHla' e HW;[]) ng - (bk(tw +¢w1---wk))qW(bk(tv +¢v1mvk))q
k=1

= MDY G, (1,70 n (1)

Moreover,

/

inf Q- (t)7 > e 11¥MQ, . (2,)7.

tel,

This is enough to get assertions (1), (2), (3) and (4), as well as (5) for (C)
and (C”)(1)(2)(3)(i). Notice that we are in the cases (C)(3)(a) and (C?)(3)(i)(«).
Therefore, due to the proof of Theorem 5.12, we can assume that A’ = 1 in estab-
lishing (C’)(3)(ii). To do this, we have to estimate

> H W™ W W (6 (t + Gupe)) DI (B (b0 + o) T |
v,weA™
0<6(v,w)<b’

where for every v € A* of length > 1 and 1 < k < |v|, v|k denotes the word vy - - - vg.

As in [BBeP], we begin by a preliminary remark: if v and w are words of
length n, and if ¥ and w stand for their prefixes of length n — 1, then §(v,w) > k
implies §(v, w) > bk. It results that, given two integers n > m > 0 and two words
v and w in A™ such that ™ ! < §(v,w) < b™, there exist two prefixes v and w of
v and w respectively of common length n — m such that 6(7,w) < 1.

ansequently, due to the independence and assumptions on moments of W
and W, in the above sum we can assume that b = 1. The pairs (v,w) such that
0(v,w) = 1 will be represented as follows. Define p;, to be the word consisting of k
consecutive zeros and Ay, to be the word consisting of k consecutive b—1 (considered
as a letter from the alphabet {0,1,2,...,b—1}). A representation of the set of pairs
(v,w) in A™ such that §(v,w) =1 is:

n—1
(6.2) U U {@iXu+1).p): 0<5<b-2}
k=0 ycAn—1-k
For every ¢ € R, we denote by E(Wq) the moment f[o 1 W(t)q dt.
Denote
> E H WD IW W (B (ta + Guge)) DIV (O (b + Gyp4)) ™
v,weA™
d(v,w)=1

by > (n,q,n). Using (6.2) and taking into account the independence we get

Zn q,n —2ZBnk2 Z Cn,k,j

J =0 ycAn—1— k
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with

By = (E(W1))n—1-k (E(W(1+")4)E(W_’7q E(W(1+")Q)E(W_”q)) H

Crkj =I11="'E (W(bi(twﬂxk + ¢u\i))(Hn)qW(b’(tu.(jH)-pk + ¢u\i))7nq) :

For every u € A" '=% and 0 < j < b—2, since |(tu.j.x, +Puli) — Cu (1) T Puli)| <
bE+1=n by definition of ¢ we have

n—k—1

H W(bi(tu.j.)\k + qu\i))(1+n)qw(bi(tu.(j+1).pk + ¢u|i))7nq
=1

))k+1

n—k—1

< enlald(n—k—1) H W(bi(tu,j,)\k+¢u|i))q;
i=1

hence
C’ﬂ,k,j S en‘Q‘w(n—k—l) (E(WQ))n_k_l .

It follows from previous computations and the definition of 7 that

> (n,q,m)

n—1
< 20b-2) Z pr—1—kgnlal¢(n—k—1)
k=0
cp— (k1) (1=g+r(@) = (D) [(1—<1+n>q+r<(1+n>q>)+(1+nq+r<—nq>)}
n—1
= 2(b—2)p""(0-9) Z eMalv(n—k=1)p(k+1)(=2-7(0)+0(n))
k=0
with O(n) uniform over ¢ € K. Notice that 7(0) = —1. Finally, applying the

Cauchy-Schwarz inequality to the last above sum yields the desired control since it
is straightforward that Y1 —J e2"14¥(n=k=1) — exp (2n|g|o(n)) and
S PUEAD(2-7(0)+0(M) s hounded for 7 small enough.

It remains to verify property (5.8) of [BM3]. This is elementary and left to
the reader.

Proof of Theorem 6.2. We use the size biasing method involved in [WaWi] for
CCM.

For every n > 1, define P, the probability measure on (2, F,-») with density
with respect to P equal to Y,, = py-»([0,1]). Since (Y, Fp-n)n>1 is a 1-mean
martingale, {P,} is a consistent family of probability measures. Let P be the
Kolmogorov extension of the P,’s to (Q,]—'OO =0(Fp-n: n > 1)) By Theorem

2.5.20 of [D-CDu], YV;, = dﬁ; converges 1 (P+P)-almost surely to a random variable

Yoo in Ry U {oo} and if P(Y,, = 00) = 1 then P(Y,, = 0) = 1. Since |[|u|| = Yo
P-almost surely, it is enough to show that P(limsup,,_, . ¥, = o0) = 1 to get the
conclusion.

For every t € [0,1] and n > 1, define the measure P; ,, on Fy-» by

dP; N
d—ItF;(w) = Qp-n(t,w).
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Since (@bfn(t),}'bfn)nzl is a 1-mean martingale, {P;,} is a consistent family of
probability measures. Let P; denote the Kolmogorov extension of the P; ,, to Foo.
Then for every n > 1 define on (Q x [0, 1], Fy-» ® B([0, 1])) the probability measure
On(dw x dt) = Py p(dw)l(dt), and define Q@ on (2 x [0,1], Foo @ B([0,1])), the
Kolmogorov extension of (Qy,)n>1.

Let mq be the first coordinate projection map on Q x [0,1]. By construction,
for every n > 1, P,, = Q, o 7r51 and soP = Qo 7r51. Moreover Q(dw x dt) =
P;(dw)f(dt). Consequently, P(limsup,, ., ¥, = 00) = 1 will follow after showing
that P¢(limsup,, ., Y, = 00) =1 for f-almost every every ¢ € [0, 1].

Fix t =), tsb % € (0,1) (t, € A). We only have to show that

Py (lim sup pp—n (In(t)) = 00) = 1.
n—oo

It follows from (6.1) and the definition of ¢ that for n > 1

(63) 10g (jir (1(1))) > —p(n) + 3 log (Woota W (04t + 1,.-1,)) ) = Log(d).
k=0

Moreover, the random variables X}, = log (th...tkW(bk(t + gzﬁtl...tk))) — log(b) are

ii.d. with respect to Py with mean 7/(17) log(b) = 0 and positive variance. Indeed,
if the variance of X, vanishes then X; = 0 Ps-almost surely and so P-almost surely
by construction of P;. This implies Q,-1(f) = b almost surely and contradicts
E(Qp-1(t)) = 1. Finally, the assumption on 1, the law of the iterated logarithm
applied to (Xj)r>o0 with respect to P, and (6.3) together yield the conclusion.

7. PROOFS OF PROPOSITION 6.4, AND THEOREMS 6.6 AND 6.7

Proof of Proposition 6.4. We begin by preliminary definitions and remarks, as
well as a lemma. .
We will work under assumption (H1) or (H2) so we assume that W is con-

tinuous and fix w and w two numbers such that 0 < w < W < w < oo and
ww = 1.

For every w € A*, recall that
Th = ﬂ Cp—1wi (2),
tel,
and

Bl = (U Cb|w|(t)> \ T

tel,
(see Figure 1 of Part II).

For every n > 1 and w € A™ we have
~ ~ (t—1 A
Qb—" (t) — bfnp(Vfl) H Wy W ( M+ M)
2
MeSNTw

~ (t—1 A
< 11 WMW(W) Viel,),

MeSNBIwNC,_n (t)
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where V' = E(W)E(W), and t € L, — [Lyesngre WaTW (7t tM“M) and t €
Ly = [lyesnpre NC,—» (t) WV (W) are independent.

Now we write
n—1
~ (t—ty+ Ay _ t—ty + A
II WMW( 21 >_H II WMW( 21 )
MeSNTIw k=0 MGSﬂTIw
where T/ =TT 0 {(t,\) : b1 <X < bk},

Also notice that fort € I,, 0 < k<n-—1and M € SﬂTkI“’, one has

~ (t—ty+ Ay ~ (tw —tpm + Ap
2 M T AM _ w oM T AM < I A
log <W ( T )) log (W < A >>‘ <h(n-k-1)

where

h(k) = . 5;1[[0) . ‘log (W (u)) —log (W (U)) ‘ .
lu—v|<b™*

It follows that for every t € [,

e HWQ(w) < H Wy W (

MeSNTTw

< e Q(w)

t—ta + A
2\
with
H(w) = S h(jw| — k= 1)# SN T}
Qw) = HMeSmTIw WuW (W) :
If Ky is a bounded subset of R, define
~ (t—t A\ !
M(Ky,w) = sup H Wiw <$>
1€Kot€ e e gnBrene, ) (1) M

__ a
HM SNBIwNC t W]%W (t_té\g\—+m)
M'(Ko,w) = sup € =l () il

€K tel ¢ 7 ((te—tuwtrn )\
1=%0, ‘"HMeSmBIwmcb,|w|(tw)WMW( 2Anm )

For k > 0 and ¢ € R define
h(k,q) = max(0,1 —w17p=*/2).
For k > 0 and ¢ € [0,1] define Cy(£) = Cp-x-1(t) \ Cpr (1). For A € {A,, 4,1},
the A-measure of Ci(t) does not depend on ¢; so we will write A(Cg).
Finally, if (¢,q') € R? is so that E(W?) < oo, define
M(q,q',w) = exp (S} AChuj-1-) (¥ = 1) (W0 YEGTY))
{m<q,q w) = exp (L5 ACw -1x) (Blh,g)e® — 1) BWY B

LemMA 7.1. Let A € {A,,A,}.

We)).
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(1) For everyq € R, n > 1 and t € [0,1],

~ (t—ty+ A \?
E( 11 WW(T))

MESAC, . (t)
= exp [A (Cpn(t)) (E(WQ)E(WQ) _ 1) ] — pre(B(WHEW?)—1)
(2) For every (q,q') € R?,
E (eqH(W)Q(w)q’)
exp (A(C,ﬂw‘ (tw)) (E(Wa' VE(W ') — 1))

b2 i(g, ¢, w) < <0 M(q,q', w).

(3) For every ¢ >0

tel,
MeSNBTwNC, _u| (t)

. = (t—ty+ I\’
E ( inf H wiw (T) ) > exp (A(B™) (B(W,) - 1)),
where W, = min(1, w?W?).
(4) Let Ko be a bounded subset of R and wr, = 1+ w'™ Ko 4 ggsup Ko,
()
E(M (Ko, w)) < exp (A(B™) (B(Wi,) — 1)),

where W\KO = wr, (1 + Wint Ko 4 pysup Koy
(¢i) For every h > 1,

B (M (Ko, w)") < exp (A(B") (E(Wg,) —1)),
where ’WI/(O — w%(’f)(l + Whinf Ko 4 pyhsup Ko | 7 —hinf Ko 4 W*hsupKo)'

REMARK 7.2. The following lines show that the equality in Lemma 7.1(1) is
valid for any locally bounded Borel intensity A invariant by horizontal translations.

Proof. (1) We will write A(Cy-=) for A(Cp-=(t)). We have

~ (t—ty + A\’
E [T wew (i =atiu
2\
MeSNC,—n (t)

o — (t—ty+ A\’
= ZE (1{#smcb_n(t)k}W1€4W <#> ) .

k=0

By construction, conditionally on #S N Cy-n(t) = k > 1, SN Cy-n(t) is a set of
k ii.d. random variables M; whose probability distribution is the restriction of
A to B(Cy-=(t)) normalized by A(Cp-»). Moreover, the random variables Wy, are
iid. with W and independent of the Mjs. So writing A = { ® v and defining
pr = P(#S NCy-n(t) = k) we have
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~ (t—ty+ A \?
£t i (5522) )
— (t—ta +dan N\ 17
= pEWOr E(W (20 T2
2X 01,

@ /C”(t) W <#)q Z(ds)u(dA)] g

Since Cp—n(t) = {(s A)ERX(0,00): b <A<1, t— A< s<t+ A}, the change
of variable ¢t = =232 yields

/C (1) W <#> {(ds)v(dN)

prE(W )

/ N [ W@ dt vian)
[b—=m,1) [0,1]

— B /[b 2

= E(W?)A(Cy-n).
Therefore,

g5 (=t + A\’ ok Tk
E 1{#Sﬂcb,n(t):k}WMW W = ppE(W)*E(W1)*~.

k
Since py, = e ACh—n) w

(2) We have

Jw|—1 4
E(eqH O (w ) H E( H eh(\w\_1_k)qwg4'w (tw —;;41\; AM>q) |

MeSnT™

, we get the conclusion.

Since Tkl‘” = {(5,)) € Rx (0,00) : b=F 1 < XN<bk t, —A+bIvl)2 <5<
tw + A — b~ 1*/2, computations similar to those done to get (1) yield for every

0<k<|w -1
S
IE( 11 eh(|w|—1—k)qW]({/IW<w 21/\\4+ M>)
MesnTv M

Tw TI :
e M )Z Ml LRag( W) (1(k, ¢, w))!
with
]_ _— ’
I(k,q,w :7/ 2\ / W () dt'v(d)).
( ) A(T) [b—k—l,b—w( ) [b=1wl /4,1 —b=1wl /4)] ") [
Since
max(0,1 — w2l7 1=+ NEW ) < / W) dt’ <EW?)
[b=1wl /X, 1—b=1w /4]
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we get
M) exp (Rfw| = k = 1, )t W= =DEW BRI )AC) )
L i~ [t —tar + Aar \©
h(|lw|—-1—k q w
< E HI Gh(Ju] ”WMW<T>
MesnTv
< e M) exp (eh”w'*l*’“)qE(W‘I' YE(W )A(@k)) .

w

Returning to E (eqH(’”)@(w)q’) we get the conclusion since H‘k
e MT™) and 0 < A(Cy-n) — A(TT*) < A(B*) < 2plog(b).

=1 __A(TIv) _
o € (T,*) =

\
(3) This is due to the inequality

H W&W <M>q > H (min(1, wWpar))?

22m
MeSNBTwNC, |y (t) MeSnBTw
forallt € I,,.

(4)(¢) This is due to the inequality

= (t—tn+ A ! in u
II W W (W) < I wko (Wi o 4w )
MeSNBlIw ﬂCb_|w|(t) M MeSNBlw

forall t € I, and q € K.

(4)(7i) Proceed as above after writing

—~ q
q t—tp+Am
HMESQBIwﬁCb,h“(t) WMW ( 2 v )

— q
q tw—tm+Am
HMeSmBIw NC, —w| (tw) WMW ( 2 )
q
) Wi,

[T,
eSmBIwm(C —wl (DO\Cy—jw| (tw)
< (I w)g st

W
MeSNBTw MeSNBIw A (Cyoju) (tu)\Cpmju (1) T M

forall t € I, and ¢q € K.

We now prove the assertions of Proposition 6.4.

Proof of (1) and (2). Fix ¢ > 0, n > 1 and w € A" We can assume that
E(W?) < oo. Indeed if this moment is infinite, C2(q) holds automatically since
E(Qp-= (t)?) = oo by Lemma 7.1(1), and the same holds for Cy if ¢ = 1. From the
inequality

sup Qp-n (5)? < b=V =Dt Q)T M ({g},w)
s€l,
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together with the independences between random variables and Lemma 7.1(2)(4)(4),
we deduce that

5 sup Quer(57)

s€l,

IN

b2 M (g, ¢, w)E(M ({g}, )b~V = exp (A(Cy ) (BOWE(W) ~ 1))

= B M (g, ¢, 0)EM{q}h,w)E ( Qo (t0)7)

Now, on the one hand, A(B'+) being uniformly bounded (by 2plog(b)) over w € A*,
so is E(M ({¢},w)). On the other hand, A(C) being uniformly bounded (it is equal
to plog(b)) over k € N, due to the fact that h(j) — 0, as j — oo, we have

log M(q, q,w) = O(t)(n))
uniformly over w € A™. This is enough to conclude.

Proof of (3). Proceed as previously and use Lemma 7.1(3) to get

E (f @b-n<s>q) > C(g, w)in(~g, ¢, w)E (Qp-r (t)")
with
Clg,w) = b exp (A(B™) (E(W,) — 1)).

The conclusion follows the same lines as in proving (1) and (2) since h(k,q) — 1 as
k — oo.

~ q ~ —q
Proof of (4). Fix ¢ < 0. Writing (infselw Qb—n(s)) = (SUPse[w Qp—n (s)’l)
makes it possible to use computations similar to those used in proving (2) with
W1 instead of W and —gq instead of q.

Proof of (5). We assume that all the moments of W are finite, and we begin by
proving that (C) holds. In fact, due to (2) and (4), we only have to prove (C)(3).
The inequality (5.5) of [BM3] is satisfied with the random variable

My(n) = M'(K_y,w)M" (K144, w)eoK(”)H(“’)’

where Kg = {fg: ¢ € K} if 3 € Rand Cr(n) =sup{qg € K : (1+ 2n)|q|}.
Lemma 7.1(2) and (4)(ii) together with any Holder inequality guarantee that prop-
erty (C)(3)(8) holds (all the moments of W are finite).

Now we prove (C’)(3). The inequality (5.6) of [BM3] is satisfied with the
random variable

Mv,w(n) = MI(K*H:U)MI(K1+77,w)eck(n)H(v)eC}((n)H(w):
where Ck(n) =sup{q € K : n|q|} and Ck(n) =sup{qg € K : (1 +1n)|q|}. Here

again Lemma 7.1(2) and (4) (i) together with any Holder inequality insure property
(C*)(3)()(8) holds, yielding (C*)(3)(i)-

Now we establish (C?’)(3)(i¢). Here we only need E(W") < oo for r in a
neighborhood of [0, 1].

For n > 1, (v,w) € A™ such that 0 < §(v,w) < b', B’ > 1 and ¢ € K define ¢, 4,
as the middle of [t,, t,] and
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n—1
H(v,w) =b6(w) 3 h(n—k-1D#SNTF AT,
k=0
e
R ~ (tyw —tym + Am
Qo= Ty (et i),
MeSNTIvNT 1w Y
__ ~—t—t A
Also define Wy, = W(ﬂ) and
) 2\ M
(M, (n, h',v,w, K) = sup sup H WA}nh'qWJ\}j?th'q
gEK tel, MESN(BLv\Bw)NC, _ |w| (t)
I
tel, MeSﬂBlvﬁTI‘”me—\w\(t)
My (n, h',v,w, K) = sup sup H Wﬁﬂ)h qwﬁjmh !
gEK tel, MESN(BIw\BIv)NC, _|w| (t)
- sup II W W
telv yre snBIwATTY NC,—w| (t)
/ _ —nh'qyi7—nh'q
Ms(n,h',v,w, K) = sup sup H War™ Wars
qgeK tel, MeSNnBIvnBIw ﬂcb_|w|(t)
T e
tely MeSNBIwNBIvNC, _ | (t)
My(n, 1, v,w, K) = sup H Wﬂ}ﬂh gt lal
K
ac MeSm(T’v\(TIw UBIw))
Ms(n, h',v,w, K) = sup H W](V}M)h’qw(l*")h’lql-
€K
\ ! MeSn(Trw\(T1 UBY) )

The random variables M;(n,h',v,w, K) are mutually independent. Define their
product

5
vaw(n) h’) = H Ml(n: hl: v, w, K)
i=1

The random variable C, ,(n, ') is itself independent of e“”"”q‘h’H(”’w)@(v, w)ah'
Moreover, for every ¢ € K one has

(7.1) Quen (1) ™ Qun (1)
< Cywln, h')e(1+2n)\Q\h’H(vyw)b*np(Vfl)qh’@(U, w)qh’_
This is obtained after writing for ¢’ € R and e € {—1,1}
Q- (tu)eq’ = bV D () Ty (0) 3 (0)TL4 (v)

where

e (o —tar + A\ !
I (v) = 11 Wt i <#> ,
MeSN(BTo\Bw)Cy_n (t) M
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e [t —tar + A\
M) = I (B

MeSNBIvNBIwNCy_p (tv)

e (o —tar + A\
II3(v) = H WMqW<UT> ;

Mesn(Tr\T!w )

and

H4 (’U)

e [ty —tar + A\
€q v
11 Wi W (7%”
MeSNTTvNTTw

’
I W ((te=tartan )
~ ' MeSnTIvnTTw 2A M
— €q
- Q(’U,’LU) eq’
H W to,w—tm+AMm
MeSNTTvNTTw 2\ m

< Qv,w) el 1),
the last inequality is due, on the one hand, to the fact that Tkl” N TkIw # () only for
b=k > Mb*” (see Figure 1), and on the other hand to the definition of h(k)
and the fact that if M € SN T NTl* # § one has |%| < Mbk“_" <
S(v, w)br+1—n,

A

1

0 I, I, 1 =

FIGURE 1. Tllustration (to complete with Figure 1 of Part IT) of some sets involved

~

in the definitions of H (v, w), Q(v,w) and M;(n,h',v,w, K).

Now, since E(W7) < oo for r € J and A(T"=\T") and |A(Cp-n ) —A(TT>NT )|
are uniformly bounded over n > 1 and those (u,v) € A" such that 0 < §(u,v) < ¥,
computations very similar to those done in proving Lemma 7.1 below show that if
7 is small enough and A’ close enough to 1, then E(Mi(n, A, v,w, K)) is uniformly
bounded over n > 1 and those (u,v) € A™ such that 0 < d(u,v) < b'; consequently,
the same holds for E(Cy,(n,h’)). On the other hand,

)

E (e(mn)|q|h'H<v,w)bfnp<v71)qh'@(v,w)qh') < po(m—ne((V-1)an W EW ™) 1)

where o(n) is uniform over ¢ € K and those (u,v) € A™ such that 0 < d(u,v) <.
Notice that

p((V = 1)gh' — (E(W™)E(W™') — 1)) = 7(gh’) — qh' + 1.
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Moreover, by taking A’ < 1+ 7%, we can fix 5 small enough so that

sup |T(gh'") — qh' — (1(q) — q)| < en/8
1<h'<14n2,0eK

(such a choice is possible because 7 is of class C?). Then, for n large enough the
function o(n) above is also less than enn/8. So, if 1 is small enough, there exists a
constant C' = C'(K,n) such that for all 1 < h' <1+ n?,

E (e(1+2n)\Q\h’H(vvw)b—np(V—l)qh’@(U,w)qh’) < Op—n(r(@)—g+1-ne/4)
Finally, returning to (7.1), taking the expectation and summing over the right

pairs (u,v) whose quantity is less than (2b'+2)b", we get the first part of (C”)(3)(i7).
To get the second part of (C?)(3)(i4), i.e. (5.8), write

Qy=n ==t (t) TP Qyn s (£,) 71 = b=V DL, (q) Ty ()5 (g)
with
1(q) = Tliresnc, (tun\éa (o) Wy W (%
Hz(‘l) = HMeSmCAn(tw)mCAn(tv) WJ({/IW (W)(H_n)q W (%)_nq ’
5(q) = [Taresné, (ta)\Go () W W (WYW '

The denominator (resp. numerator) of (5.8) has to be lower (resp. upper) bounded
uniformly over K if 5y is small enough and k' close enough to 1. For the denominator,
the proof uses the independence of 11, Il and I3 as well as the same approach as in
the proof of Lemma 7.1(3), which gives a uniform lower bound for the expectation
of IL;(q)" (one uses also the fact that A(C,,) is uniformly bounded over n) For the
o

The first expectation is controlled via the same computations as in the proof of

Lemma 7.1(4)(i). L(q) ‘h for

)(1+77)q

)

numerator, one needs an upper bound of the expectations of IT;(¢)"

i =1 (cases i = 2 and 7 = 3 are treated similarly).
Conditionally on #S N Cp(tw) \ Cn(ty) = k > 1, let My, ..., My be the points
of SNCp(tw) \ Cn(ty). One has

k
dll
g @ =20+ my T gy nw
1
= J#t
with ; : )
yi = Wy W (Lo M Ay,

2\,
Then, using successively the convex inequality | Ele R R Ele |z;|"", the
upper bound for W, and the fact that the Wjy,’s are i.i.d. we get
dln h ~ ~
E(‘d—ql(q)‘ ‘#Smcn(tw)\cn(tv):k>

/ / ’ , k—1
< (L+p)heh (m(lJrn)lqlh )k (E(W(Hn)qh ))

<K (W(Hn)qh’ (|log(W)| + log(w))hl) .
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Define A = ACu(tu) \ Ca(ts), @ = E(WEHD' (|1og(W)| +log(@)" ). y =
wmldh’ and 2 = B(WI+meh") | We obtained

E(|5@]) = L TE(m @ S 1 Caltu\Calt) =)

dq k=1
[e's) 1%

< (14 a:y/\e Z /\yz

It is standard that there exists a constant Cj such that > .-, %()\yz)k_l <
Cn(1+ )\yz)h +2 exp(/\yz) Our previous remark on the uniform boundedness of

A= A(Cn(tw) \C (t,)) as well as the finiteness of E(WT) for all r € J yield the
conclusion.

Proof of Theorem 6.6. It suffices to show that for any ¢ € (0,1) one has
P(limsup,,_, o pp—n(In(t)) = 00) = 1, where the probability P; is constructed as
in the proof of Theorem 6.2 but with @ as defined in this Section 7. Fix ¢t € (0, 1).
We have

Hp—n (In(t)) Z bin@b—" (t) inf ~ — Z bin@b—" (t)Un(t)Vn(t);

with
W(57t2A3\I;)\M)
Uty = ot ] = S
" Mer_n(t)ﬁCb_n(s)W( 2\ s )

and

. aee,_o\epon iy WuW (45#21‘,4\;)%)
Vo(t) = inf — N\
O Tlaree, - (00\Cyon (5) VMW (W)

The same approach as in the proof of Theorem 6.2 shows that it remains to show
that

(7.2) |log(Un(t))| + | log(Vn(t))| = o(/nloglog(n)) P: — almost surely.

With the notations introduced for the proof of Proposition 6.4, we have

llog(Un (1)) < i h(n —k —1)# SN Cr(t) N Cr(s)
k=0

< nz_:h(n—k— D# S NCy(t)
k:nO—l 1/p n—1 1/q
< (Z h(k)?) (Z ci) :
k=0 k=0

where ¢, = # SNy, (t) and (p, q) is any pair of positive numbers such that %+% =1.
Fix such a pair (p,q). Due to the choice of A € {A,,A,}, the random variables el
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arei.i.d and integrable with respect to P;. So, by virtue of the law of large numbers,

n—1 1/q
(Z CZ) = O(nl/q) P; — almost surely.
k=0

Moreover,

S0

n—1 1/p
(Z h<k>p> = 0((n)"/?) = O(n #)
k=0

by the assumption made on w. Therefore, choosing ¢ large enough yields

(7.3) |log(Un(t))] = O(v/n) P, — almost surely.
We claim that
(7.4) sup Fp, (| log(Vi, () [*T7) < oo.
n>1

Then, Py(|log(Vi(t))| > ¥ nwl/o(gsﬂgﬂ ) = O(n=(*+7/4Y and due to the Borel-Cantelli
Lemma, (7.3) and (7.4) together imply (7.2).

Proof of (7.4): it is easily seen that

[log(Va ()] < An(t) + Ba(t)

with

An(t) = ZMESH(BIn(t)\Cb_n(t)) | log Wi + log(w)

By(t) = EMeSm(Cb_n(t)\Tfn(t)) | log W + log(w).
The random variable A, () is independent of Qpn (t (t) because B\ Cy—n(t) an
Cy»(t) are disjoint. Hence, defining pp = P(#S N (B"®) \ Cy-n(t)) = k) and
My, ..., My the elements of SN (B™® \ C,—x(t)) conditionally on #S N (B»®\
Cp-n(t)) = k, we get

Ep, (A,(t)*77) = E(A.(t)*")

0 k
> pe(2k) 7Y E(|log Wi, |P*7)) + (log(w))* 7

k=0 =1
> pe(2k)* max (E(| log W[**71), (log())**7).
k=0

A(B™(M)\ Cy-n (t)) being bounded independently of n > 1 and E(|log W|?*7]) finite
by assumption, it follows from the value of p; that sup,,>, Ep, (4, (£)*"7) < co. It
remains to show that sup,,>; Ep, (B, (t)**7) < co. We have

Ep,(Ba(1)**") = E(Qyr (H)Ba(t)*™)
= Cu(t)Da(t)

IN

IN

where

MeSNTIn(t)

Cn(t) — b—nP(V—l)E ( H WMW <t—t2j\§7+>\]\/[>)
M
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is bounded independently of n by the computations performed in the proof of
Lemma 7.1(2), and

Dy(t) = E | B,(t)*+” 11 W W <
MESN(Cypn (\TIn ()

Let pp = P(#S N (Cyp-n (t) \ T®) = k) and let My,..., M}, be the elements of
SN (Cyn(t)\ T™®) conditionally on #S N (Cy—n (t) \ T™®)) = k. We have

t—tm + A
2\

D,(t)
k
< Zpk 2k 1+VZE(WM w([|log Wi, [>T + (log(w))** ) H
k=0 i=1 j=1
J#i

< Z pr(2k)*H (E(OW)w) " max (WE(W | log W |**7), w(log(w)) > "E(W)).

Since A(Cy—n (t)\T'»®) is bounded independently of n > 1 and E(W|log W|**7) <
00, it follows that sup,,~; Dn(t) < co. This yields sup,,>; Ep, (Bn(t)*17) < oo.

Proof of Theorem 6.7. We already saw that it suffices to show that for every
€ > 0 and every nontrivial compact subinterval K of 7, there exists n > 0 such
that with probability one, for all ¢ € 7,

an +fn < 00

n>0
where
Fala) = b7 TOTD N G Aw) " i (Aw) .
wEA™
and R
fulq) = b (@) Z (1(Ly) " g (L) 7
v,weA™
§(v,w)<b’

with b = 3 if ¢ < 0 and 4b + 2 otherwise.

The approach here consists in directly taking into account the specificities of
the particular construction we are dealing with. With the notations introduced in
establishing Proposition 6.4, if gk = max{|q|: ¢ € K}, we have for every ¢ € K

fulg) < bn(r(q)—q—ns)gn(q)

with

gn(q) = b 01V D N MKy, w) M (K, w)e™ H ) Q(w) Z (w, 1) " Z (w, q)*+"
weA™

and R

fulg) < bn(r(q)qune)gn(q)

with

Gu(q) =07 VED N0y (n, 1)eT RN HEW Oy 1)1 Z(0,1) 71 Z (w, g) 0.
v,weA™
§(v,w)<b’

Now, recall that E(W") < oo for all r € J. Moreover, A(B™) and A(TT= \
(T*» N T*+)) are uniformly bounded over n > 1 and those pairs (v,w) € (A4")32
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such that d(v,w) < b'. Consequently, for n small enough, the expectations of
M(K_,;, w)M(Ki4y,w) and Cy 4 (n,1) are uniformly bounded over these pairs.
Then, by taking into account the independence, the problem is reduced as in the
proofs of Theorems 5.11 and 5.12 to showing that for n small enough there exists
C = C(K,n) > 0 such that

sup,cxc MOV E(|R, (q)]) < Chnen/?
SUp e b”(T(Q)*lI*ﬂf)E(hn (q)) < Cb—"nEn/2
for h € {h1,h2}, where

hi: g p—nra(V=1) Z quH(“’)@(w)q
weA™

and
hy g s b-ea(V=D) Z eUH2mar H(v,w) 0y 4y)7.

v, weA™
§(v,w)<b’

The computations being very similar to those already done above, they are left
to the reader.
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